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CocraButens: Kaua. ¢pu3.mMar. HayK, foueHT Hypyrnunosa 1.H.

[TpuBeneHs! BapuaHTHI 33JaHUN KOHTPOJBHBIX PadOT Ui CTYJICHTOB 3a0YHOU (HOPMBI
Oo0y4eHHs 10 OCHOBHBIM TE€MaM, COOTBETCTBYIOUIME O0a30BOMY YpPOBHIO H3yUYCHHS
IUCUUIUIMHBL «Bpicmas mMatematuka» B 1-m cemectpe. [IpuBeneHsl 00pasubl penieHus
BCEX 3aJaHUH, CHaA0)KEHHBIE HEOOXOJUMBIMHU TEOPETUYECKHUMHU CBEICHUSIMH.

BBEJIEHUE

VY4ebHO-MeToIM4YecKoe MOoCOoO0Me COACPKHUT WHAMBUIYaJIbHBIE 3a/aHUSI KOHTPOJIbHU
paboThl, BBINOJHAEMONW CTYIACHTaMH 3a04HON (opmbl oOydeHus B 1-M cemecTpe. TeMaTHKa
3aJaHuH OXBAaThIBA€T BCE OCHOBHBIE pa3Jieibl IUCHUIUIMHBI «BbICiasg MmaTemaTtukay,
u3ydaemble B 1-M cemecTpe: JMHEiHas anreOpa, BeKTOpHas anrebpa M aHAIUTHYECKas
reomerpus, JuddepeHuaIbHoe HCUYUCIeHUe (YHKIMHM OJHOW IEepeMEHHOH, HcclieloBaHHe
GyHKUMH M nocTpoeHue TrpadukoB, (YHKIHMU HECKOJIBKMX IE€PEMEHHBIX, HEOIpeaesIEHHBIN
UHTErpall.

3amanug Mo Kaxaod Teme umeroT 20 BapHMaHTOB, MPAaBHJIO BBIOOpAa BapuaHTa Iepen
3aJJaHUAMU KOHTPOJIbHOU paloThl. IlpencraBieHbl OCHOBHBIE TEOPETHUECKUMH HOJOXKEHUS U
HOHATHS, COOTBETCTBYIOIINE 0a30BOMY YPOBHIO U3YUCHMSI TUCIUITIIMHBI, U MOJPOOHOE pelIeHne
Bcex 3ajaHuil. Bbibop TemaTuku ocyuiecTBisuics Ha ocHoBe aHanuza OI'OC3++ B 06as3oBoit
noarotoBke OakanaBpoB HampasieHust 11.03.01. Takke HpHUBEAEH CIUCOK TEOPETHUECKHUX

BOIIPOCOB JIA IOATOTOBKHU K DK3aMCHY U PpCKOMCHAyEMas JINTEpaTypa.



BAPUAHTBI 3AJAHUI KOHTPOJIbHOM PABOTBHI Ne 1
JUHEWHAS AJITEBPA. BEKTOPHASI AJITEBPA 1
AHAJIMTUYECKASI TEOMETPUSL. IM®PEPEHIIUAJIBHOE
NCYUCJIEHUE ®YHKIIUU OJJHOM MEPEMEHHOJA.
HUCCJEJOBAHUE ®YHKIIUNA U TIOCTPOEHUE I'PA®UKOB.
®YHKIIMH HECKOJIBKUX NEPEMEHHBIX. HEOIIPEJIEJIEHHBIN
UHTEIPAJI

IMPABUJIO BBIBOPA BAPUAHTA
Howmep BapuanTa cTy1eHT BBIOMPAET COIIaCHO MOPSAKOBOMY HOMEpY B XKypHaJle Ipyninbl. Eciau

MOPSIIKOBBIM HOMED B xKypHauie 6obie 20, TO HoMep BBIOUpAeTCsl CHavasa, T.€. MOPSIAKOBBIN
HoMep 21 - HoMep BapuaHTa - 1, MOpAIKOBBIA HOMED 22 - HOMEp BapuaHTa - 2 U T.]I.

2a —3b ¢ 0
Baganme 1. JlaHBl MaTpUILBI A=|3a —6b 5c |, B=| 2abc |,
5a —4b 2c 3abc
-3 4 3
a 2b %
C= , D=1 2 0| X=|Xx
—d 3c
2 -5 -1 X

3
a) [logcraBuTh 3HaYeHUs HapaMeTpoB @, b, C, d u3 Tabmumpel 1 coriacHo
BapHaHTy | 3amucath Matpuisl A, B, C.
0) Haititu matpunel F = AD - DA; G = AB; R= C?+2C"-3Cc™ AL
B) Pemnth cucteMy ypaBHeHuil 4 X=B Tpemsi METOJaMHU:
no ¢opmynam Kpamepa; marpudnbiM MeToaoM; metoaoM ["aycca.

Taoauna 1

Howep a b C d Howep a b C d
BapyaHTa BapuUaHTa

1 -1 1 -2 —4 11 1 2 -2 -3

2 2 -1 3 -1 12 1 2 -3 -2

3 1 3 -1 —4 13 3 —2 -1 2

4 -2 1 4 2 14 —2 3 -4 -1

5 -1 2 2 3 15 1 1 -5 -1

6 -3 2 -1 16 -1 -3 2 -1

7 -1 1 —4 17 3 -1 1 5

8 2 -1 -1 4 18 2 3 -1 -3

9 —2 -3 3 1 19 1 -1 -4 2

10 -3 3 -2 1 20 -4 1 1 3




3aganue 2. [lanbl KOOPAWHATHI BEPIIMH TPEYTONbHON mHUpaMuibl A14,A3A,

(cm. Tabu.). Tpebyercst HaWTH:

a) ITUHBI pedep A14, u A143;

0) yron Mexy peopamu A14; u A14s;

B) IUIOWIAAb TpaHu A14,A3;
') 00BEM MUPAMUJIBL;

1) KAHOHMYECKUE ypaBHEHHsI TpssMoit |, mpoxosiieli uepe3 Touku Ay U Ay,

) ypaBHeHue mnockoctu I, mpoxossiieit uepes3 Touku Aq, Az, v As;
) yroi Mexxay npsimoii | u mmockoctsio I1;

3) BBICOTY TUPaMU/IBbI.

Homep Ay A, As Ay
BapHUaHTa
1 1,21 0, 2,5) -1, 3,1) (1, 4, 3)
2 (-1,-2,1) (-2,-2,5) (-3,-1,1) (-1,0,3)
3 0, 2,-1) -1, 2,3) -2,3,7) 0,4,1)
4 -1,2,0) (-2, 2,4) (-3,3,0) -1, 4,2
5 (2, 2,3) 1,2,7) (0, 3,3) (2,4,5)
6 2,-1,1) (1,-1,5) 0,0,1) (2,1, 3)
7 -1, 1,-2) -2,1,2) (-3, 2,-2) (-1, 3,0)
8 -1,2,1) (-2, 2,5) -3,3,1) -1,4,3)
9 (-2,1,-1) (-3,1,3) (-4,2,1) -2,3,1)
10 (1,1, 2 0, 1, 6) -1, 2,2 (1, 3, 4)
11 0,-1,2) (-1,-1, 6) (-2,0,2) 0,1, 4)
12 (3,0, 2) (2,0, 6) (1,1, 2 (3,2,4)
13 (-2,-1,1) (-3,-1,5) (-4,0,1) -2,1,3)
14 (1,-1,2) (0,-1, 6) (-1,0,2) 1,1,4)
15 2,3,2) 1, 3, 6) 0,4,2) (2,5,4)
16 -1,0,2) (-2, 0, 6) -3,1,2) -1, 2,4
17 (2,0,3) (1,0,7) 0,1, 3) (2,2,5)
18 (2,-1, 2) (1,-1,6) 0,0, 2) (2,1,4)
19 1,-2,1) 0,-2,5) (-1,-1,1) 1,0,3)
20 0, 3, 2) (-1, 3,6) (-2, 4,2 0,5, 4)
3aganue 3.

3.1. Haiitu npousBoHbie 1-ro nopsinka GyHKIMA @), 0), 8), U 2);
3.2. Haittu npou3BoiHyt0 2-r0 mopsaka GyHKIUH a)

3.3. 3anucarp quddepeniman nepBoro nopsaka GyHKIM a)

4 1 —
1la)y=x"+—+—; 6)s = (5—3arctgr)e'; &)u=1tg*(3V +2); 2)Z:—In(§ 5t)_
X x° sint
3 3t
2 a)y:2x—%+4\/x3; 6)s =(3—cost)(5+ 2sint); g)uzﬂ/V_gmy; 2)z r-e

arcos2t’




a)y:E\/x_3+%—x;
3 X

6)s =(t* =5Int)(t +In?);

6)u=+cos’V;

_tP+e”

?)z= arsint
1 1-3tgt
a)y=x'+=-2¥x; 16)s=(3—-4)(t—2cost); =In?(5V -3); = :
4layy=xt+—=23x;  |6)s=(3 -4 i |u=In*6r =3);[)z="0 o
3
5 a)Y=X§—i3+4«/;; 6)s = (6t +arcsint)6'; 8)u=In*(4v +3); 2)225(:5922:.
X
6 a>y=5x—x—2}+35x6; 6)s = (> =3)(4t+2In1); |6)u=cos’ (3 +1); e)Z:t—afeCﬂ_
7 a)sz?’—%N/x_g; 6)s = (4—cosz)Int; g)u:arctgz\i; Z)Z:arccosz?,t.
X 2 1-9t
H 2
8 a)y:%+§/x_2—4x; 6)s=@+2n0)Ing  |g)u=arctg?(@y —1); |2)z = N +3)
e
t
9 a)y:5xg+%+\85: 6)s=e t_35t; e)u=ctg4\£; z)z=arctg%ln(9+t2).
X oo L. |g)s=(7r+arccoss)Ine: In® : _1-3tg(t/3)
== —= = ; =In°1-7); = .
10ja)y 5 +28h 0 )s=( ) 6)u=In*(L-V) 2)z o (t/3)
4 7 2—Int i
1 a)y:WJrng_;; 6)S:1+2arcsin_t; 6)u=1g*(6V +1);  |2)z=e" (5+C0s20).
4 3sin1_l
12|a) y = 2x ——+3x%;  |6)s=(e' —=3t%)In¢; =sin®(8V +1); = :
)y -2l X Jomte : ) ( yo |z arctg 2t
13 a)Y=2X3—£7—4X5; 6)s = 1°(4+ 2arctgr); e)uzln?’\é; 3)225_52':‘&_
X e
4 3t
14 a)yzx?—z+§/;; 6)s = (' —3t))tgr; 6)u=«/ar00052V; Z)Z:m(tt;f)_
X
3 .
la)y =X§—%+W—Z: 6)S=(4-2sinf)e';  |e)u=cos’(@V -1); |o)z =—aics'4r122t.
X _
3 —
16 a)y:%+§ﬁ—i3; 6)s =(t—arcsing)sint, |e)u=ctg®(3—2V); Z)ZZ—In(cs_SAE 1).
X
2 \% t —cost
17 a)y:3x2—F+§/§; 6)s =(3—2¢")(6+5¢"); e)u:arctg?’? Z)sz'
3 ot
18 a)y=X5—£3+2</x_5; 6)s =(4-3In?)(5+2sint); |6)u =arcsin® 2’; 2)Z=4tcoszte .
X
19 a)y=7x2+xiﬁ—ﬁ; 6)s = (L+12)(2—3arcctgr); |6)u =sin*(2V +3); e)z=_aertgt22t_
+
PO v _ _ : 3 . _sin(2-t)
20[a) y =5x oAV 0)s =(3+1tgr)(1-5ctgr); |g)u =31 417, 2)z= e
—In

3amanue 4. CocTaBUTh ypaBHEHHUE KacaTEJIbHOM W HOpPMAIM K KPUBOMU
y=f(X) B TouKe ¢ abCImCcCoi Xo.

Howmep Homep
BapUaHTa Brn ynrnn f(x) BapHaHTA Bun pynxunn f(x)
1 IxE+4, x,=2. 2 V1+3x, %, =1.
2
3 2%/;+X—3,X0:8. 4 X?+%,XO:—2.




5 2x+%, X, =1. 6 Ix+2x, x, =4
2 2
7 X =3 =1 8 X x =1
X X—2
9 N5—x2, %, =1 10 %—43/;, X, =—1
3 _ X2 +3x
1 \/5—7’)(0_2. 12 , X =—1.
13 | e¥x-ayx, x =1. 14 | x+i % -2
X
2
15 | X=2xX3 3 16 | x2+e, x =3.
4
17 14x -153/x, x, =1. 18 h-x2, x, =3.
19 A —Y 20 | 3(¥Hx—VAx), x, =1,
X +1

3apanme 5. Halitu nipenesnbl, HCTIOIb3YS JIEMEHTAPHBIE CIIOCOOBI
pacKpbBITUS HEOIpeIeJIeHHOCTEH miu mpaBuio Jlomuras.

Homep fim 1) fim ) fim )
BapHaHTa x=o (X) =% @(X) =% @(X)
3
x>c 2x2 +6x —11 ) XLrD:, x> _25 xlggeZX_]_'
9X2-|-2X5 2 25 31
2 a) lIM———m——; Iimx;; 8) lim :
RSP R LU L e VT x50 tg5x
lim X —2x-1 lim 3x* +17x -6 21
3 ) X a8 6) x> x2+2x—24"|° lim I
"m2—x—+6x3_ "mw- X2 + 7IX
4 9 Si0r2x-3¢ |6 w2 x-g ' |© I sn7x
x>0 SIN7X
i 27x° -8 2 2
o) lim ; X°—4X+3 . | g) i 3X +2X
5 ) x> 5X* +2x -1 0) IX'LQ 2 X—6 ) IX'LTJ tgdx
A+ X+2 ] 2_Ja—
6 [ lim—=—=— 15 limZX*= 8) JimZN*—X
x> 23 —3x% + X xo1x2 1’ x>0 aresin2x
. AX°+X+6 2 _ _
2 a) lim———"— 6) lim > S5x+4. | g lim £93 X 1

3 2 7 —_—
x> X7 +8X" +1 >4 x2-16 x>0 3x2




2
s |y a2k 5 "mlw: 6) jimINC+5%)
ox X243 o XTH5x-14 -0 arctg3x
: . 2 . e¥ -1
9 O) i );;7)(’ 6) ||m7x-:—8x+1’ 3) lim—.
x>x 3x° —2X +1 x>-1 X7 -1 x>0 In(1+ 2X)
_1+5x* —x* 6x> —5x+1 . arcsinx
10 |9 im=2"7. 22 TO7TE. 18) lim————.
o QX —3x% +1 o, 3x -1 =0 14+ x -1
_ 5x*4+3x-2 2 :
a) lim=———=>" <. . XT=X-2. . SIN3x
- o 2x-1 o lim X2 -4 ' ) IXILr<}x3+2x'
a) Iimﬂ- . 5x°—4x=1 | g arcsin 3x
12 x-x %% +6X —11" 0) lim———; Ta1 Loy
X" +0X x>1 x2 —5x+4 x—=0 In(1+ X)
fim 3 +2X =X, lim X ~12X+20. a5 _q
13 |9 S isx-1 |6) on -9x-10 |9 lm——n-u.
x>0 sin 2X
. x=3x° 2 Sx_1
14 x> X3 +8 0) xl—ml 341 x-0 arctg X
TIXP—TX+6 3
15 |9 lm——— & |0 lim—*"8 . e lim tg2x_
TeX X >2 X2 —X—6 x>0 1—COS X
jim X = 2X £ X3, 2 _
16 |9 o= 27 +8x-5 " |¢g) lim > ;4"‘1, 8) [im—mX_.
-l X" -1 x-0 gresin 3x
17 a) lim———"r—; lim X 8) lim g :
o 2¢ -9 0 I exea >0 X
. x=3x° 2 -
a) lim——>2 . . X" —4x+4 g) 1., Arcsin3x
18 ) x> x* +8x° —1 0) IX'LTZ‘ F_g ) Uﬂg—xz_8x-
4
19 |9 "m3X3 s 6) lim 1 8) |imM4tx-2.
x>x X +2X+8 X3 X2 _Ax 43 . ” ,
33 +5x+1 2 6x
a ||m—’ . X"—5bx+6 8 . 1-e
20 | e acs |0 Mg ) D sinax

Bapanme 6. [Toctpouts rpaduk dynkuun y=f(X), ncrnoas3ys oOIIy0 cxemy

uccneaoBanus GyHKIUH.

Howep Bun Gymkumn f(x) Homep Buna ¢pyuxmun f(X)
BapHaHTa BapHaHTa
1 —5x% +30x% —45x+10 2 x> —9x* +24x-18




3 x* +6x° —15x+8 4 —x%+9x* -15x—3
5 x> +12x* +45x +50 6 2x° —15x* + 24x +1
7 X —3x*—-9x—5 8 X +6X% —9x+2
9 X3 +3x° —24x+28 10 X2 +4x* -3x—-8
11 X2 +3x* —9x+5 12 x>+ X% +5x+3
13 x* —3x* —24x—28 14 x* —12x+5

15 x> —6x° +9x—4 16 2x% —12x* +18x -5
17 x® —6x*—15x—8 18 x® —15x* +48x+3
19 x® —12x* +45x —50 20 X2 +6X° +9x+4

3aganue 7. Haiiti yacTHBIE TPOU3BOIHBIEC TIEPBOTO MOPSIKA OT PYHKIIUHU T10

KaXJ0OMY apryMEHTY.

No Z(X,Y) Z(X,Y) u(x,y,z)
Bap. Zy=?272y=" Zy=?2y=" Uy =? uy =?u; =7
1 |a)z=xy'-34[fy |6)z :4‘ytg(xy2) 6) U=tgx-e”
2 a)Z:%—3x2y 6)Z = xyarcsin y 8) u:tgz(xz—lny)
2
X°y X .
3 a)Z:Ty—g 6)Z=\/x2+y2 Inx G)U:ysm(xz_z)
4 |a)z=2x2—x3y° 6)Z:(x—y2)C032x 8) u:(y3—2x3)lnz
3 2
5 |a)Z =xy®+x1-y?) 0)Z=x arctg(y x) 6) u=12%\x—5y?
6 a)Z :1—2x2y+(‘/ﬂ 0)Z = cosy-arcsin(xy) 6) U :(x—\/y)e22
133 2 2 2 .2
7 a)Z =§X y —— 6)Z = y-arccos(x“y) |e) u:(x -y )cosSz
X2
8 |a)z=x x3y—F 6)Z=3" +cos’x |6) u=e*-sin(yz)
9 |a)z=y*+6xy-5 0)2 =tg2x-arcsinxy) 6) U=y’ -cos(x+3z)
10 |a)z=x*-3y+y¥x |6)Z=x*-ctg(xy) |6) u:(y3—2x)ln3z




11 a)Z:x(xz—y)—Q/y 6)Z:\/;-In(x2y) 6) u:(x2+e22)sin4y
_ X 2y 6)Z = % cos(2x —

12 a)Z_FJFT )Z=e (2x~») e)u:(xz—ez)cos(xy)
_2(3 X

13 a)Z=y (X +2y) ¥ 6)Z:e4yln(x2+y) 6) u:(ey—ZS)InZy

14 a)Zz(l—xz)y3+\/§ 6)Z =sin2x-2% 6) U=/x+3y-Inz

15 a)Zzg—x(y4+5) 6)Z=«fx3—|ny 6) u=tg4x-In(y+3z)

16 a)Z:x2—4x\ﬁ 6)Z =y?-arctg(xy) | 6) u=+/z-cos(x - y?)

2

17 a)z:4xy3+§/x_3 6)Z = cos xln(x—y) 8) U=Iny-sin(3x+ z)

18 |a)z=23+2xy -1 6)zz(x2+3y)3 8) u=3""7.cos2z

19 |a)z=y(2x-y)+¥x?y 6)Z =ysin®2x 8) u:ezln(xz—yz)

_ 2
20 |az=2-2 6)Z_excos(3x+y ) 6) u:(xz—e3z)c032y
X y?

Bananme 8. [lana pyHKIMs ckaasipHOTro moJist U = U (X, Y, z). Haitru:

a) TpaaueHT GyHKuuu U touke Mo (Xo, Yo, Zo), MOZIYJIb TPAJIUCHTA 1 OOBSICHUTH
(r3HYECKUii CMBICI MTOTYYEHHOTO Pe3yJIbTaTa;
0) Mpon3BOaHYI0 QYHKIMK U B Touke My (Xo, Yo, Zo) B HANPABJICHUH BEKTOPA S .

Ne _
pap. u(x,y,z) M (Xo, Yo, Z0) S
1 u=x?-3y?+Inz? (2,-31) (1; 1; 3)
2 u= (x2 + yz)ez‘1 (-12,1) (-3; 0; 4)
3 u=cos(x—y)+z° (g 0, 1) (1;-2;2)




4 u=(2z+1)e* (2,1,-1) (1;1;1)
5 u=sin(xyz) (L m1) (2;2;1)
6 u =xy*z (2,11) (1;2;2)
7 u:ln(x2+yz) (12 2) (0; 3; 4)
8 u=e(z%+2) (10,1) (0; -3; 4)
9 u=sin(xy)+z° (m 2,1) (-1;-1,0)
10 u=x" + 22 (.1 2) (-2:-1: 2)
11 u=arctg(xy)+2z° (1,-1 2) (-1;1; 2)
12 u=(3x-1)e*"? (1-1,2) (0; 1; 0)
13 u=x%y+yz—ev (0,2,-1) (-3; 0; 4)
14 u=.9-xyz (1,1,5) (1;1;0)
15 u=In(xy+2%) (2,2,2) (3; 0; 4)
16 u=x%z+y%—z%xy (1 2,-1) (-2: -2; 1)
17 u=|n(x2+y2+22) (2.1, 2) (4; 3; 0)
18 u=yx2+y2+22 (4.3,0) (-1:1: 1)
19 u=eX*y (22 +1) (10,2) (2; -1; -2)
20 u =arctg(xyz) (2,1,1) (2;1;2)

3apanme 9. MccnenoBars Ha skcTpeMyM dyHKImio Z = Z (X, Y).

Ne

Bap. Z(x.y) Bap. Z(x,y)
1 z=3X+6y—X*—xy+ V> 2 z=x*-2x*+y*+2y+3
2 2 y
3 Z=1+6X—X"—xy—y 4 z:(x2+y)e2
5 |z=x3+8y’—6xy+5 6 |z=x>—y>—3xy




2 2

7 |z=x®+xy+y?—6x-9y 8 z=%+2xy+y?—4x—5y
9 |z=x*+y?+xy—4x—5y 10 |z=1+2x—-4y—x?—y?

11 |z=6xy—9x*—9y?+4x+4y || 12 |z=2xy—4x-2y

13 |z=x2+y2+4y—2x+4 14 z:X2+y2+(X+2>;‘16)2
15 |z=x®-2xy+4y 16 |z=(y-x)"+(y+2)’

17 z=e;(x—y2) 18 [z=xy(1-x-y)

19 |z=x3+xy+6x+y+1 20 |z=x’+xy+y>-2y-5

3aganme 10. Ilonw3ysice Tabnuilell OCHOBHBIX MHTETPAJIOB M IIPaBUIAMU
WHTETPUPOBAHUS, HAUTU MHTETPAJIbI.

Ne Ne
Bap. HNurerpansi Bap. HNurerpasi
2 2
1 j 3 _2+X +4§/x_2 dx 2 J 10 /P e S P
w245 X 3—2x° —X
2 5—X 43 2 . X-4
3 I[\/B—xz T G ZJX_}dX 4 J‘[7x2+2Jr2 ) ax
j l —X4+5+3\/§ dx I 8 —23inx+x2_25 dx
° 3x2+16  X° 6 6—x X+5
3cos®x—2 s/ 2 3-x3
2C0S X=2 _5%x3 | ~27X 50
! I cos? x J 8 I(4x2—3 x*
9 j 2+\/;— 2 +4e* |dx 10 I( 25 7X—Sm2de
X Jx?+3 6X° +5 COS X
2 G Y 6  3sinx-5
11 J.[\/4_X2 + X3 —2\/X_)dx 12 J-(3X2_5+ S|n2X dx




13

f{ 5 _2x2+10+4§/X_5de 14 I(

J3+ X2

8 6+x° oz x> -9
15 j 5+X2+ w ~3Vx de 16 J[3+2X2—3003x+ X_3de
3 2+x* 4 ( 7 . j
+ —~ dx —2sinx+3* |dx
17 | J6-x2 &J 8 | 5o
6 x+x3 53 4 1-x2
19 I =~ +63x" [dx 20 I T~ +5e* |dx
Ja+x 5x2 -1 1+X

3ananme 11. TIpounTerpupoBaTh MOIXOAIIEH 3aMEHON MEPEMEHHOTO WU
MOJIBEICHUEM MO/ 3HaK AuddepeHIuana.

Ne

Bap HNuTerpanst
. .[ cos 2x dx J‘ xax dx
2x* +5 I 2x% +6x -9
| dx [ xsin(x* ~1)dx dx
2 > _ o
sin”8x Y 3x% +4x+5
tgx
-
3 dx 5 dx L
e COS* X J Jo—_gx_ 2
4 xdx dx
[ 1-5x -
Je T ax X% 5 T Jx?+8x+3
s | [ -/In X dx 2x+1
71-3x Jox I X% —4x+6
6 [ cos(1—3x) dx - cosxdx dx
Y7 +sin?x 6+ 4X — X°
. [sin5xdx - x3dx dx
738 416 TUX%+2x -7
o [e%%dx < In xdx - dx
X 15— 2x + x?




. 2 x—1
9 jslexdx ¢ In“ xdx J\/x2+10x+12dx
X
10 .COS(4X +3) dx .X‘\’5+ X2 dx j#_fzdx
1 J xt
- Xdx < x-=3
11 (1 A2X+1 ——dx
J10 “dx *J1-x? I X% +6x+10
12 | [sin(2 -3x)dx J (2x—-1)cos(x2 —x)dx | | o
1 S /2
X°+8x+9
[ 1-3x .
e dX 2\7 XdX
13 | . J.x(3+x) dx \/27
“A/X°—4x-5
14 | (532 gy  x°dx i dx =
J I x3-3 7 J10 - 2x — X
[ - xdx .
15 .COS9XdX 2 X+5 de
'\/2+x Y6 +10X+ X
16 .cos4xdx X xdx4 . 2x—2 dx
T4+ X *X°+4X+5
[ _5x . xdx .
17 .e dx X 22x+5 dx
Y sin“(x° +1) Y XS —-6X+1
X 2 3110 [ dx
c . X
sin = dx sinx ¢ Xdx
19 | je cos x dx %
J [.2
X°—-8x+1
20 '85x+1dx dx R dx
- xInx " J13-2x-x?

3aganue 12. [IpouHTErprNpoOBaTH MO YACTSIM.

Ne HNuTerpajst Ne HNuTerpaiast
Bap. Bap.

1| [@x+2)Inxadx 5 [(2x-1)Inxdx

3 j(x—2)costdx 4 I(S—x)lnxdx




'(2x +1)e* dx

I(G—Sx)lnxdx

. 6

7 :(2x—1)sin 2xdx 8 .'arctg X dx

9 :(5x+2)c032xdx 10 _.arcsin x dx

11 I(B —4x)e* dx 12 :arccos x dx

13 ,.(6X +1)sinxdx 14 .'arcctg x dx

15 :(5—2x)cossxdx 16 :xln x dx

17 | J(6-5x)edx 18 | [(4-3xInxdx
19 :(x +1)sin4xdx 20 :xsin3xdx

COCTaBJICHHAs M3 4YHCEJ, pACIOJOXKEHHBIX B M CTpokax H N crosdIax.
O6o3HauaroTcst Matpullbl A, B, C u T. . DNIEMEHT MaTPUIIbl, HAXOSIIUICS B CTPOKE
C HOMEpOM | M cTosdue ¢ HoMepoM |, obo3Hauaercs ajj. Ecnmm m = n, To marpuna

Ha3bIBACTCA KBAJIPATHOM MOpsAKa N.

pa3Mepa, KaKIbId 3JEMEHT KOTOpPOW pPaBEH MPOU3BEICHUIO COOTBETCTBYIOIIECTO

AJIEeMEHTa MaTpUIlbl 4 Ha YUCTIO A

Mampuyeii

KPATKHUE TEOPETUYECKUE CBEJAEHUS U OBPA3EIL]
BBINOJIHEHUS 3AJIAHUM KOHTPOJIBHOM PABOTBI Ne 1

1. Marpunbl. Onepanuu ¢ MmaTpunamMu. CucremMbl JUHEHHBIX

anredopanvyeckux ypapHenni (CJIAY)

pazmepa

Ha3bIBACTCA

ynopsiioueHHass — TabiuIia,

IIpoussedenuem mampuyvl A na wucno A HazpiBaeTca maTpuiia C TOro XKe

C=A-A<= Ci =Xaij(i =1...m;j=1...,n).




Cymmou NByX Matpuil A U B OIMHAKOBBIX pa3MepoB Ha3biBaeTcs marpuua C
TOTO K€ pa3Mepa, JIEMEHThl KOTOPOW PaBHbI CYMME COOTBETCTBYIOIIUX 3JIEMEHTOB
Marpuil A u B:

C=A+B<= Ci =&; +b,j (i=1...mj=1..,n). 1.1

YMHOKEHNE MaTpHLbl 4 Ha MaTpULly B onpeneseHo, Korjaa 4ucio cToJI0noB
MEPBOM MATPHUIBl PAaBHO YHCIY CTPOK BTOpPOW. Torjga mpow3BENECHUEM MATPHUIIBI
A~ Ha MaTpuLy Bi.n HazpiBaeTCa MAaTpULA Crxn, KOXKIBIA 2JIEMEHT KOTOPOH Cjj PABEH
CYyMME TPOUW3BEICHUIA 3IEMEHTOB I-i CTPOKM Marpuilbl A Ha COOTBETCTBYIOIIHE
3JIEMEHTHI |-TO CTOJIOIA MATPUIIBI B:

C=AB; <=c¢;=q,-b;+a, b, +.+a,b;(=1...mj=1..n). (1.2)

i
N3 OIIPCACIICHUA IIPOU3BCACHHA MATPHUIl 34dKIH0YaCM, 4YTO OIICpaluAa

YMHOKEHHSI HE 00J1aJ1JaeT CBOMCTBOM KOMMYTaTUBHOCTH, T.€. A-B#=B-A.

Bo3Benenne kBagpaTHOW MaTpullbl A B LENYIO MOJOXKUTEIBHYIO CTEICHBb

- AP = AA- .
p(p>1): A" =A-A-..-A.

p dag

Marpunuen, mpancnonuposannor K MaTpuue A, Ha3bIBAETCA MAaTpHUIIA,
oOpa3oBaHHas W3 MaTpUIlbl 4 3aMEHON €€ CTPOK COOTBETCTBYIOLIMMHU CTOJIOIIAMHU.
TpancrioHupoBaHHas MaTpulla K maTpuie 4 o603HadaeTcs A"

Besikoil kBagpatHOil maTpuile A TOpsiAka N CTaBUTCS B COOTBETCTBUE
[0  OIpENeNIEHHOMY 3aKOHY HEKOTOPOE 4YHCIIO, KOTOpO€  Ha3bIBaeTCA
onpedenumesiem TOTO ke TOpsaKa MaTpullkl A u 0003HaYaeTcs |A | .

OnpenenuTens NEPBOTO MOPSAAKA PABEH CAMOMY YHUCIY.

OnpenenuTens BTOPOro NOPsIKa ONPEIEIIeTCs] PABEHCTBOM:

a; &,
= 8,8y, — 8,3,;. (1.3)
aZl a‘22
OmnpenenureieM  TPEThEro  MOPSAAKA  HA3bIBACTCS  YMCIO, KOTOPOE
BBIYHCIIICTCS 110 (hOpMyTIE:
A &y A3
a22 a23 a21 a23 a21 a22

Ay Ay, Ayl =4y —a, +ay; . (1-4)
a
a, a,, a, Ag, Agg Ay Agy Ay gy



Munopom »>nemMeHTa @ omnpeaenurens N-ro  HOpsIKa Ha3bIBAETCS
omnpeaenuTens (N—1)-ro mopsaka, MOMYYCHHBIH W3 HMCXOIHOTO OMPEIACITATEIS
MyTEM BBIYEPKUBAHUS i1 CTPOKH U j-ro cTonda. O603Ha4aeTcst MHHOD Mi;.

Aneebpauueckum Oononnenuem SIEMEHTa @jj ONPENEINUTEN Ha3bIBACTCSl €0
MHUHOpP, YMHO>KCHHBIN Ha (—1)i+j, T. €. Ajj.

A= (1) My,
riae Ajj — anredpanyeckoe JOMOJHEHUE YIEMEHTA dijj,

®opmyiny (1.4) MOXKHO 3amMcaTh TAKUM 00pa3oM:

Ay &y &
Ay Ay Ay = apy Ay +ap A, + ais'A&s-
Ay Ay, Ay

Eounuunoii Ha3pIBaeTCS KBajpaTHas MaTpuila Mopsjaka N, y KOTOPOid
AJIEMEHTHI TJIABHOW JUAroHai u dii, d2, ... , dnn PABHBI 1, a OCTAILHBIE PJIEMEHTHI

paBubl 0. Ilycts £ — eaunuuHaa marpuna. [Ipu ymHoxkeHun marpuibl 4 Ha E
CJIEBA WJIM CITpaBa nony4daercsa matpuua A: AE = E4 = A.
-1 o o
Matpuna 4~ Ha3blBaeTcs oOpammuoil K KBaJpaTHOM Matpule A, eciu
BBINOJIHAOTCS YCIOBHUSL: AAt =AY 4=E.
OOparHas MaTpula K KBaJIpaTHOW MaTpule 4 CyHIECTBYET TOrJa M TOJIbKO

TOT/1a, KOT1a ONPEICTUTENb MaTPULIbl A HE paBEH HYIIIO, T. €. |A| # 0. ITpu aTOM

1

Al=—
A

(A, (1.5)

rme A — MaTpuua, B KOTOPOH KaXIblii JIeMEHT MaTpuibl A 3aMeHEH ero
anredpanyeckuM JOMOJMHeHHueM. Takas Marpuila Ha3bIBaCTCS MPUCOCOUHEHHOU
K MaTpuIie A.

Munopom nopsioka K matpuibl A Ha3bIBae€TCsA ONMPEACIUTENb HOpsiaka K
MaTpHIIbl, COCTABJICHHBIA M3 AJIEMEHTOB MaTpPHIbl A, CTOSIIMX Ha NEpeceYeHUU
POM3BOJIBHBIX K cTpOoK 1 K cTOJI01I0B.

Panzom matpuiia Ha3bIBa€TCS YUCIIO I, TAKOE, YTO BBIMIOJIHSIOTCS YCIOBUS:

1) cymiecTByeT MUHOp HOpsAKa I, HE paBHBIA HYJIIO;

2) BCE MUHOPBI OOJIBIIETO MOPSIIKa, HauuHas ¢ (1), paBHBI HYJIIO.



Panr matpunel 4 o6o3Havaercs r(A4). Panr marpuiiel — 3TO HaMOOJBIIUIA
HOPSIIOK €€ MUHOPA, HE PaBHOTO HYII0. DTOT MUHOP HAa3bIBAETCS OA3UCHBIM.

DneMeHTapHbIe MpeoOpa3oBaHMsl, HE MEHSIOUIUE PAHTa MATPUIIBI:

1) mepecTaHOBKa CTPOK (CTOJIOIOB) MECTaMU;

2) TpaHCTIOHUPOBAHHE;

3) BBIUEPKUBAHKE CTPOKH (CTOJIONA), BCE JIEMEHTHI KOTOPOH PaBHBI HYIIIO;

4) yMHOYCHHE KaKOW-JIMOO CTPOKH (CTOJIOIA) HA YUCIIO, OTIIMIHOE OT HYJIS,

5) mpubaBicHHE K JI€MEHTaM OJHOM CTPOKH (CTOJI0IA) COOTBETCTBYIOIIMX
AJIEMEHTOB JIPYTO¥ CTPOKH (CTOJIOIA), YMHOKEHHBIX Ha JIF000€ YHCIIO.

PaccmoTpum cucteMy M ypaBHEHHUM C N HEM3BECTHBIMMU:

Ay X +apX, t...+ X, :bv
A, X + 8%, +...+ a3, X, =D,

(1.6)
A X +a,,X, +...+a,, X, =b,.
O0603HauMM MaTpully U3 KO3()PHUIIMEHTOB MPU HEU3BECTHBIX:
81 8y, - By
A= %1 B2+ an » €€ HA3BIBAKOT OCHOBHOU MAMpuyel CUCmemul.
a o an
b, X
b2 X2
B=|"|— cronber cBOOOAHBIX WieHOB, X =| | — CTOJOEI] HEM3BECTHBIX,
b, X,
ay &, -3y, |y
(A/B) = B1 B (Do | paclIMpeHHast MAaTPULIA CHCTEMEL.

a.,a...a (b

Cucremy ypaBHenuii (1.6) MO>XHO 3anucaTh B MAaTPUYHOM BUJIE:

A-X=B. (1.7)



CoBokymHOCTh uncen dj, d,,..., d,, oOpamaronmx Bce ypaBHCHHUS CUCTEMBI
(1.7) B To’KmecTBa, HA3bIBAETCS peuieHUeM CUCHEMbL.

Cucrema ypaBHEHUMN coemecmua, €Cii OHa UMEET XOTs Obl OJIHO pEIlEHUE,
U Heco8MeCmHa, eCIi OHA HE UMEET PEIICHUS.

JIBe cucteMbl ypaBHEHUN Ha3bIBAIOTCS PAGHOCUTbHLIMU, €CIIM MHOXKECTBA
WX pelIeHUu COBIAAAIOT.

OnemeHTapHble MpeoOpa30BaHUsS CHCTEMbl YpPaBHEHWH, IEpPEBOIAIINE
e B paBHOCWJIbHYIO CUCTEMY:

1) mepectaHOBKAa MECTaMH JIOOBIX JIBYX YPaBHEHHIA;

2) YMHOXEHHE OOCHMX dYacTeil JI000ro ypaBHEHHsS Ha YHCIO, OTIHYHOC
OT HYJIS;

3) npubaBieHre K O00CHM YacTsSM OJHOTO YPaBHEHHUS COOTBETCTBYIOIIMX
qyacTel APyroro, yYMHOKEHHBIX Ha OJJHO U TO K€ YHUCIIO.

Cucrema ypaBHEHHMH Ha3bIBaCTCI He0OHOpoOHou, ecomu B#0, wu

oonopoonou, ecmu B = 0.

Cucrema ypaBHEHHM Ha3bIBACTCS ONPeOeléHHOU, €CIIM OHa HMEET
CAMHCTBEHHOE pEIICHUE, U HeonpeoeréHHol, €Cli OHa HMeeT OECKOHEUHOe
MHOKECTBO PEIICHUH.

HccnenoBanre CHUCTEMBI YpPaBHEHUHM Ha COBMECTHOCTh OCHOBAaHO Ha
CIEYIOIIEN TEOpEME:

Teopema Kponexkepa—Kanennu. J{ns toro, 4toObl cUCTEMa ypaBHEHHUI
C N HEW3BECTHHIMH ObLIAa COBMECTHA, HEOOXOJAMMO U JOCTAaTOYHO YTOOBI paHT
MaTpullbl CHUCTEMBI OBUI paBeH pPaHTy pACIIUPEHHOW MAaTPUIbl CUCTEMBI,
T.e.r(4)=r(4|B)=r.

[Ipu sToM:

1) ecu r = N, cuctema onpeeNeHa;

2) eciim r<n, cucteMa He orpeseseHa.

Paccmotpum cnenyromue Metonwsl pemienus CJIIAY: meron Kpawmepa,
MaTpu4HbIi Meto, metoa JKoprana—I aycca.

1. Memoo Kpamepa



[IpumensieTcs i peleHHsT HEOAHOPOAHBIX CHUCTEM N ypaBHEHUM C N
HEHU3BECTHBIMM, Y KOTOPBIX ONPEACIHUTENL OCHOBHOW MAaTPUIBl CUCTEMBI OTINYEH

OT HyJIs: A= |A| #0.

Toma CUCTCMA NMCCT CIMHCTBCHHOC PCIIICHUC:

A A A
X, =—1t, X, =—%,...,Xx, =—", (1.8)
A A A
rae Aj — OIpenenuTeNb, MOJYYEHHBIM U3 ONPEACIUTENS] CUCTEMBI A 3aMEHOU

I-ro cTOJIOIA MAaTPHUIIBI A CTOJIOIIOM CBOOOIHBIX WICHOB B,

2. Mampuunutit memoo

[Ipumensiercs npu Tex ke yciaoBusiX, uro U metol Kpamepa. Cronbery
HEU3BECTHBIX HAXOJuM, pemas MatpuuHoe ypaBHenue (1.7). Ymuoxum (1.7)
CJI€BA HA MATPUILY A

AT AX=4"B.
ITo onpenenennio o6paTHO# MaTpubl 4 A= E, clef0BaTeIbHO,
EX=A4"B.

YMHOKEHHE MaTpUllbl HA €IMHUYHYIO MaTPUIly HE MEHSIET MaTpPUILy, IOITOMY

EX=Xmn
X=4"B. (1.9)

Memoo I'aycca

[IpumensieTcs 11 peleHrs Kak HEOAHOPOIHBIX, TaK U OJJHOPOIAHBIX CUCTEM
C MIPOU3BOJILHBIM YMCIIOM YPABHEHHUN M U MPOU3BOJIbHBIM YHCIOM HEM3BECTHBIX N.
C nmoMouipl0 3JEMEHTapHbIX MpeoOpa3oBaHUN CTPOK PACHIMPEHHOW MATPHUIIbI
cucTemsl (A4 |B) UCXOJIHYIO cucTteMy (4) mpeoOpa3yroT B pPaBHOCHIIbHYIO, KOTOpPas
MO3BOJISIET PEIIUTh BOMPOC O COBMECTHOCTH CHCTEMBI, U, €CJIM OHa COBMECTHA,
3anucarh e€ pemieHue. [IpeoOpazoBanust MpoOBOASTCS Tak, 4ToObl Marpuua (A4 ‘B)
npuoOpena TpPeyrojabHbI BUJ (AJIEMEHTHI, PACHOJIOKEHHbIE HIKE TJABHOM
JMaroHajii PaBHBI), MTOCJIE YEro, €CIU, CUCTEMAa COBMECTHA, HAXOAAT €€ pellIeHne

WJIN JIeNa0T BBIBOJ O €€ HECOBMECTHOCTH.



3ameuanue 1. Eciu npu npeobpazoBaHusX MOSBISETCS CTPOKA, MOTHOCTHIO
COCTOSIILIAsl U3 HYJIEH, TO €€ MOXKHO OTOPOCHUTD.

3ameuanne 2. Ecium npum npeoOpa3oBaHMSX MOSBISETCS  CTPOKA,
COOTBETCTBYIOIAs IPOTUBOPEYNBOMY YPABHEHHIO BUA!

0x1+0x,+ ... +0-x,= D, rae b #0,

TO MPOIECC MPeoOpa3oBaHUM Ha 3TOM IMPEKpallaloT, TaK Kak CHCTeMa YpaBHEHUU

HECOBMECTHA.
2a -3b ¢C 0 %b
3aganme 1. JlaHbl MaTpUUBl A _|35 _gp 5¢  B=|2abc| C= ad ; ]
S5a —4b 2c 3abc o
-3 4 3 X,
D=[1 2 0| X=|x|
2 -5 -1 X,

IJIe 3HaYeHUs mapaMeTpoB cienyromue a =1, b =1, c =-1, d =4.

a) [logcTaBUTh 3HAYCHUS MApaMEeTPoB a, b, €, d u 3amucaTh Matpuisl A, B, C.

0) Haiitn matpurer F = AD - DA; G = AB; R= C?+2C"-3C™ AL

B) Pemuth cuctemy ypaBHeHuid A-X=B Tpemsi METOJaMU:

no ¢popmynam Kpamepa; marpuunbsiM MeToaoM; MeroaoM ["aycca.
Pewenue.

a) HOI[CTaBI/IM SHAYCHUS IMapaMETPOB U IIOJYYHM CICAYIONINC MAaTPHUIIbIL:

2 -3 -1 0
1 2
A=|3 -6 -5|, B=|-2|, C= .
4 -3
5 4 -2 -3

0) Jlisg HaxoXJaeHus MaTpuilbl F  BBIMOJHUM MOCIEAOBATENIHHO JIEUCTBUS
YMHOKEHHMSI ¥ BBIYUTaHUs1 MaTpuil o popmynam (1.2) u (1.1) cooTBeTCTBEHHO:
2 -3 -1\(-3 4 3

A-D=|3 6 -5|-|1 2 0 |=

5 4 -2 2 -5 -1
2:-(-3)+(-3)'1+(-1)-2 2-4+(-3)-2+(-D)-(-5) 2-3+(-3)-0+ (-1 (-]
=13-(-3)+(-6)-1+(-5)-2 3-4+(-6)-2+(-5)-(-5) 3:3+(-6)-0+(-5)-(-1) |=
5-(-3)+(-4)-1+(-2)-2 5-4+(-4)-2+(-2)-(-5) 5-3+(-4)-0+(-2)-(-2)
-11 7 7
=|-25 25 14|
-23 22 17




3 4 3)(2 -3 -1
D-A={1 2 0|3 -6 -5|=
2 -5 -1)(5 -4 -2
~3.2+4-3+35 (=3)-(=3)+4-(-6) +3-(-4)  (=3)-(-1) +4-(-5)+3-(-2)
=| 1.2+ 23405 1.(-3)+2-(-6)+ 0-(-4) 1.(-)+ 2-(-5)+0-(-2) |=
2:24(-8) 3+ (-5 2:(-3)+(-5):(-6) +(-1):(-4) 2:(-)+(-5)(-5)+(-(-2)
21 -27 -23
=| 8 -15 -11|
~16 28 25
11 7 7 (21 -27 -23
~A-D-D-A=|-25 25 14|-| 8 -15 -1l |=
23 22 17) (-16 28 25
“11-21  7-(=27) 7-(-23) ) (-32 34 30
=| -25-8  25-(-15) 14—(-11) |=| -33 40 25
—23-(-16) 22-28 17-25 -7 -6 -8

T

Haitnem matpuiy G:
2 3 -1\ (0) (2:0+(=3)-(=2)+(-D-(=3)) (9
G=A-B=|3 -6 -5||-2|=|3-0+(=6)-(-2)+(-5)-(-3) |=| 27 |.
5 -4 —2)(-3) (5-0+(-4)-(-2)+(-2)-(-3)) (14
Ompenennm A ' mo popmyie (1.5). BbI4HCIHM OMpeIeInTels MATPUIbl A
o ¢popmyie (1.4):
2 -3 -1
|Al=)3 -6 -5|=2
5 -4 =2
=2(12-20) + 3(-6 + 25) —1(-12 + 30) = 23.

‘—6 -5
+3

3 -5 |13 -6
-1
4 -2

5 2

1
|A|:23;t0, CIIeIOBAaTEILHO, MaTPHIlA CHCTEMBl HMEeT oOpaTHyo A -,

KOTOpyI0 HagéM mo ¢opmyne (1.5). nsg 3Toro BbIYMCIUM anreOpandyeckue

JTOTIOJTHEHUS;
A0 :j*& Ae=(017) :j=—19, As=(0] _4‘=18,
A= :;‘=9, Ao =077 :5‘=7, A= :2‘:_3.

Homyunm A



8 -2 9 -8/23 -2/23 9/23
AlzziB 19 1 7 |=|-19/23 1/23 7/23 |. (1.10)
18 -7 -3) | 18/23 -7/23 -3/23

Haiinem mMatpuiy R. Onpeneniv marpuiy C*
oL 2) (1 2)_(11+2:(-4 1.2+ 2:(=3) \ (-7 -4
- -4 -3)(-4-3) | -41+(3)-(-4) -4-2+(3)-(-3)) | 8 1)

Tpancnonupyem matpuiy C: C' = [1 -4 j

2 -3
Y HalAEM MPOU3BEICHUE 2c™ 2CcT =2 1 -4 = 2 -8 )
2 -3 4 -6
1 41 T
Omnpenenum C - o popmyite (1.5): C :E(C ).

Boeruncnum onpeaenurens matpuibl C no popmye (1.3):

1

el-| 4

2
3‘:1.(—3)—2-(—4):—3+8=5;zr&0.

1
CnenoBatenbHo, C ~ cymectByer. OmnpenenuM anreOpandyeckue JONOJHEHUS
51eMenToB MaTpuilbl C U mpucoeanHénnyro matpuity C

C,=-3C,=4 C;=-2; C, =1,

-2 4

ool -3 -2 (-06 -04
5014 1) 108 02)

1
[IpoBepuM mpaBUIBHOCTh HaxoxaeHus C ~. JJg 3TOro MepeMHOXKUM

C*:(_S 41] Torma  (C*) :(_3 _12] ¥ obparsas wmarpuma C -

MOJIYYEHHYIO MaTpHIly Ha AaHHYl0 maTpuily C cieBa M cipaBa U yOeaumcs, 4TO

[IOJIy4acTCsa CAMHUYHAA MaTpula:

cio 06 ~0.4) 1 2)_(-061+(-0.4)(-4) -062+(-04)(3))_(10)
' _[ 08 0,2 [—4 -3) (| 081+0,2(-4) 0,82 +0,2:(-3) j_(o 1)

cci (1 2)(06 -04)_( 1(-06)+208 1(-0,4)+20,2 ) (10
-4 -3l 08 02) (-4(-0,6)+(-3)0,8 —4(-0,4)+(-3)0,2 ) (0 1)
Martpuna C ! omnpeaeiieHa MpaBUIIbHO.

Haitnem npousseaenue matpuibl C ' ha 3:



-1 _0’6 _0,4 _1,8 _1,2
3c*t=3 - ,
0,8 0,2 2,4 0,6
OKOHYATENBHO MOIYYUM:

) T L, (-7 -4 2 -8 -1,8 -1,2
R=C?+2C" -3C™*= + - -
8 1 4 -6 2,4 0,6
(-7+2-(-18) -4-8-(-12)) (-32 -10,8
| 8+4-24 1-6-06 ) |\ 96 -56)/
B) Cucremy JnHMHEHHBIX anreOpandyeckux ypaBHeHUH A-X = B 3anumem B
KOOpPAMHATHOH (opMe:
2x, 3%, X =0,
3X, —6X, -5X,=-2,
o5x, —4x, -2x,=-3.
Pewum cucmemy no popmynam Kpamepa.

Onpenenurens CUCTEMBI A=|A|=23 BBIUUCIWIM B TMyHKTe O) mpH

HAXO0KJEHUU OOpaTHOU MATPHUIIBI.

Tak xak A # O, CUCTEMA NMCCT CAMHCTBCHHOC PCIICHHUC, KOTOPOC HAXOIHUM

o ¢popmynam Kpamepa (1.8):

0 -3 -1
2 -5 |2 -6
A=]-2 -6 -5=3 -1 =3(4-15)-1(8 -18) =—23;
3 -2 -3 -4
3 4 2
2 0 -1
2 5 |3 -
A,=3 -2 —5|=2 1 =2(4-15)-1(-9+10) =—23;
3 2| 5 -3
5 -3 -2
2 3 0
6 2| |3 -2
A,=3 -6 -2|=2 +3 =2(18-8) +3(-9+10) = 23.
4 -3 5 -3
5 -4 -3
A A A
HUrak, x, =—2=-1, X, =—2=-1 x,=—=1.
% A 2 A A

CnenaeM npoBEpPKY, MOACTABUB HAWICHHBIE 3HAYCHUS X1, X2, X3 B UCXOAHYIO
CUCTEeMY, U yOeIuMCs, UTO BCE TPU YpPaBHEHHUS JAHHON CHCTEMBbI 0OpalllatoTCcs B

TOXOCCTBA.



2:(-1)-3(-1)-1=-2+3-1=0; 0=0
31— 6(-1)—51=-3+6-5=-2; | »__».
5(-1)—4(-1)-21=-5+4-2=-3; |-3=_3,
Omeem: x1=-1, xo,=-1, x3=1.
Pewium cucmemy mampuuHovim Memooom.

B nynkre 6) Hanum o6paTHyro Matpuity (1.10)

-8 -2 9
A’l:i -19 1 7|
23
18 -7 -3
[To popmyine (1.9) umeem:
X, 8 -2 9)0 8.0 -2:(-2) +9-(-3)
X =| X, =A1~|3:2i3 19 1 7| -2 =2i3 ~19-0 +1-(-2) +7-(-3)|=
X, 18 -7 -3)(-3 18-:0 -7-(=2) -3-(=3)
—23 -1
L og 2| 1.
23
23 1

Omeem: x1=-1,x,=-1, x3= 1.
Pewtum cucmemy memooom I'aycca.
[IpeoOpazoBaHust pacHUIMPEHHONM MAaTPHIBI CHUCTEMBI O(GOPMHM B BHJIC

TaOINLIBL:

A/B ) [Ipumeuanus

-3 10 -2
2 ~10 Bpiurem u3 BTOPOM CTPOKM NEPBYKO M IIOMEHSEM ITH
CTPOKH MECTAMH.

3 1o i) Briurem U3 BTOpOW CTPOKM MEPBYIO, YMHOKEHHYIO Ha 2, a
U3 TPEThEN CTPOKU NEPBYIO, YMHOKEHHYIO Ha 5.

3 7|4 14 | momeHseM 3HAaKM OJIEMEHTOB TMOJNYYEHHOW TpEThe Ha
11 18!7 36 | MPOTHBOMONOKHBIE.

3 7|4 14 | TlomeHsieM BTOPYIO ¥ TPETHIO CTPOKY MECTAMH.

2

3

5

1

2

5

1 3 A-2 8 | Berurem u3 TPEThel CTPOKH BTOPYIO, YMHOKECHHYIO Ha 4, 1
0

0

1

0

0 1 10/9 20




1 -3 4|2 -8

0 1 109 20 | BoluTeM 3 TpeThel CTPOKU BTOPYIO, YMHOMKEHHYIO Ha 3.

0 7|4 14

1 3 4|2 | -8

0 1 10|9 20 | PasmenuM TpeThIO CTPOKY Ha (-23).

0 0 -23-23 | 46

1 3 42 -8 [IpeobpazoBanus 3akoHuYeHbl. (OYEBHUIHO, YTO paHTHU
0 1 10/9 20 | marpun 4, n A | B COBIAZAOT M PaBHBI 3, CIIENOBATENLHO
o 0 1|1 2 | cucrema coBmecTHa U IMeEET €TMHCTBEHHOE PELIEHHE.

3ameyanune. Bo Bropom crosOue TaOauibl A KOHTPOJS 3aliCaHbl CyMMBbI
CTPOK MaTpuilbl A4 | B, ¢ KOTOpbIMH NpOMU3BOAMM T€ XK€ MpPeoOpa3oBaHUs, YTO U C
3JIEMEHTaMH MaTPHIIbI, €CJIM Ha KaKOM-TO I1are nmpeoOpa3oBaHUi 3JIEMEHT BTOPOTo CTOJIONA
He Oy/IeT paBeH CyMMe JIEMEHTOB COOTBETCTBYIOIICH CTPOKH MAaTpPHUIlbl 4 ‘ B, To nonymena

omnOKa Ipy MpeoOpa30BaHUU TAHHON CTPOKH.

WUrak, HaWgEM  pemieHre  cuctembl. (CucrtemMa  ypaBHEHUM — TOCIHE

npeoOpa3zoBaHUil Tiepelilia B PABHOCHIIbHYIO €l CHCTEMY:

X, —3X, —4X,=-2, X, =—2+3X, +4X,, X, =-1,
X, +10%,=9,= {x,=9-10x,, =%, =-1,
X, =1. X, =—1. X, =1.

OTMeTHM, 4TO PEIICHUS] CUCTEMBI, MOTYYCHHBIC B IyHKTAX @), 06) U 8), KaK U
CJIEZIOBAJIO OXKUJ1aTh, COBIAIAIOT.
Omeem:. x1=-1, xo=-1, x3=1.
2. JJjeMeHTbI BEeKTOPHOM ajredpsl B R3
TpexmepHOe BEKTOpHOE MPOCTPAHCTBO Rz ecTh wacTHbIM ciywyait R, mpu
n = 3. JlekapToB MpsIMOYToJibHBIA 0a3uc B Rz 00pa3yroT Tpu €IMHUYHBIX, B3AUMHO

MIEPIICHIUKYJISIPHBIX BEKTOPA

T=8=(10,0),
7=8,=(0,10),
k=g,=(0,0,1)

CoBOKyNHOCTh Hauana KoopauHaT (Touku O) U JAeKapTOBa MPSMOYTOJBLHOTO

0a3uca Ha3bIBAETCS IEKAPTOBOU MPAMOYTOIbHOM cuctemon koopauHat OXYZ.



CornmacHo dopmyne (9) moboit BekTop @ B Rz MOXHO pa3ioXuTh

€JIMHCTBEHHBIM 00pa3oM II0 1, j,K, T. €. IpeACTaBUTh B BUJIE:

a=ai+a,] +ak,
rze a,— KoopauHaTa BekTopa 1o ocu OJX;

@, — KoopauHaTa Bekropa 1o ocu OY,

a, — KoopJuHara BekTopa 1o ocu OZ.

Hapsny ¢ aHamuTMyecKnM 3aJaHUEM BEKTOpa KAK YNOPSAOYEHHOM TPOWKH
yucell B R3 paccMaTpyUBarOT BEKTOP KaK HalpaBJIE€HHBIA OTPE30K, UMEIOIINI Ha4aso
1 KoHell. KoHel BeKTopa 0TMEYaeTCs CTPEIIKOM.

B a=AB
A — Hayvano BEKTopa,

B — konern BekTopa.

JnuHa otpeska AB Ha3bIBaeTCs MoOdyiem gekmopa 1 0003HAYACTCsI |E | W ‘AB‘.
Ecm u3BeCcTHBI KOOpAMHATEI BekTopa & =(a,, d,, 8,), TO MOIyJb BEKTOPa
BBIUUCIIAETCS 110 POopMyIIe:

Ehjﬁ+ﬁ+£. (2.1)

Paouycom-6exmopom mouku 6 Oexkapmosoil NpAMOY20IbHOU Ccucmeme

Koopdunam HaA3bIBACTCA BCKTOP, HAYAJIO KOTOPOIro paciiojJdOKCHO B Ha4alc

KOOpJIMHAT, a KOHEI B JaHHOU TOYKe A, T. €. BeKTop OA.

Koopaunatamu Toukn A Ha3bIBAIOTCA KOOPAMHATHI €€ paanyca-BEKTOpa.
Ecn OA=a,i +a,] +a,k, o (a,, a,, &,) KoopaMHATEI ToUKH A.
IIycte BekTOp @ = AB, npu4éM 3a/laHbl KOOpAWHATBI TOYeK A u B
A(a,, a,,a,) n B(b,, b, b,). Torna xoopmuHarel BeKTOpa AB paBHBI PasHOCTH
OJIHOMMEHHBIX KOOPJAWHAT KOHIIA U Havyaja:
AB=(b,—a, b,—a,b, -a,). (2.2)

N3 (2.1) u (2.2) cnenyet hopmyrna i pacCTOSTHUS MEXKTY ABYMsI TOUKaMu A 1 B:



AB =[AB|=\/(b,~a,)" + (b, ~a,) +(b, ~a,)". 2.3)

Cranapuvim npoussederuem BEKTOPOB a W D Ha3pIBaeTCs 4ucio (CKaisip),

o0o3HaYaeMoe (E,b), paBHOE TMPOU3BEACHUIO MOJYJEH BEKTOPOB Ha KOCHUHYC

yIila MEXKy HUMU:
(a,b)=|alb|cose, (2.4)
rJe (¢ — Yroa MexJ1y BEeKTopamMu a U b.

B nmekaptoBoil = mpsAMOYroOJIbHOM  CHUCTEME KOOPAMHAT  CKAaJSPHOE

MIPOM3BEICHNE BEKTOPOB BRIUUCIISIETCS TTO PopMyIIE:
(a.b)=ab, +ab, +ab, (2.5)
(a,, a,, a,) — KOOPJMHATHI BEKTOpA & ;
(b, b,, b,) — xoopmuHate BekTOpa b.
N3 (2.4) u (2.5) nonydaerca (opmyna AJis BBIYMCIICHHS KOCHHYcCa yTiia
MEXIy JBYMSI BEKTOpaMHU:
( ; ) a,b, +ab, +a,b,

o]~ Ja?+az+a? o7 b7 +b7

Bektopel @ u b HazwBarorcs opmoconanvhuimu (0003Havatorcs a L b),

Q|
o

(2.6)

CoS(p =

Q|

€CIM Yrojl ¢ MEXAy HUMH paBeH nOpsMoMmy, T. €. COoSe = 0. VYcnoBue

OPTOIrOHAJIBHOCTHU BCKTOPOB!:

a,b +ab +ab, =0. (2.7)

YnopsiioueHHasi Tpoiika BEKTOpoB a,b,C Ha3bIBaeTCSl npaegoil, eCiu

M3 KOHIIAa TPEThEro BEKTOpa C KpaTyaWliuii MOBOPOT OT IMEPBOr0 BEKTOpa a

KO BTOpPOMY b BUJCH IMPOUCXOIAJAIIUM IIPOTHB 4acoBOU CTPCJIKKW MW Ha3bIBACTCA

J1e6oll, €CIIM TaKOH IOBOPOT IMPOUCXOINT I10 YACOBOM CTPEJIKE.
Bexmopnvim npouszeedenuem BekTOpa @ Ha BEKTOpP D HasbIBacTCs BEKTOD
C= [5, b], TaKoOM 4TO:

1)cla,cl b, T.e. T MEPIECHAUKYJISIPEH TJIOCKOCTA BEKTOPOB d U b;



2) HampagJeH Tak, 4To Tpoiika a, b, T — mpasasi;

3) Moaynb BekTOpa C paBeH IUIONIAM MapajiesorpaMmma, IoCTPOeHHOTo Ha

BekTOopax a u b, kak Ha cTopoHax, T. e.

c|=5, =|a|b|sine. (2.8)

Ecmm a=(a,, a,, a,), b= (b, by, b,), TO AN BEKTOPHOrO MPOU3BEICHHS

crpaBeiuBa Gpopmya:

]
(ab]=la a
b, b,

~

(2.9)

QD

N

O

z

Cmewannvim npouzeedenuem ynopsaoouenHou mpouxu eexkmopos a,b,T
Ha3bIBaeTCs 4Kcio (06o3HagaeMoe (&, b, T)), paBHOE CKAIAPHOMY IPOH3BEICHHIO
BEKTOPHOTO TIPOU3BEICHUS TIEPBHIX BYX BEKTOPOB Ha TPETHIL:

([a, b ], C) =(a,b,c).

CMGHIaHHOG HpOI/ISBeI[eHI/Ie BeKTOpOB 10 a6COJIIOTHOI>'I BCIIMYMHC paBHO 06’beMy

Hapaﬂﬂeﬂeﬂﬂﬂeﬂa Vnap ) HOCTpOGHHOTO Ha 3TUX BCKTOan KaK Ha CTOpOHaX, T. €.

Vv :‘(a, b, E)‘

map

(2.10)

Ecmm a=(a,, a,, a,), Bz(bx,by,bz), E:(cx,cy,cz), TO CIIpaBeIuBa

dbopmyna:
a, a, a,
(a,b,c)=|b, b, b, (2.11)
c, C ¢,

Bektopel @ U D HaspIBarOTCS KOLIUHEAPHBIMU, €CITA OHH JISKAT HA OJTHOU
AN TapaJICIbHBIX MPSAMBIX. Y CIIOBHE KOJUTHHEAPHOCTH BEKTOpOB & U b !
1) B BekTOopHO#t hopme b =Aa, rae A — ckamsp;

b
2) B KOOpIMHATHOM (opMme b B b A. (2.12)
a a



Bektopsl @, b, T Ha3bIBAIOTCS KOMMAAHAPHLIMU, €CIIA OHH JIEXKAT B OJIHOM
NJiIn HapaJ'IJIQJ'II)HBIX ITJIOCKOCTHIX. YCJIOBHC KOMHHaHapHOCTI/I TpéX BCKTOpOB
a,b,C:

1) B BexTOpHOIt opme: T =Ad +ub, rae A, p — unca;

a, a, a,
2) B KOOpJMHATHOH (opMe: b, b, b,|=0. (22)
C c C

x by b

Ilpumep 2. JlaHbl KOOPAMHATHI BEpIIMH TPEYrOJIbHOM MHUPAMU/IBI:
A1 (-1,0,1),4,(2,3,1), 43 (0, -2, 2), A4 (1, -1, 5).

A(1,-1,5) TpeOyetcs HailTH:

a) HBI peoep 414, n A1A4s;
0) yros mexny peopamu A4, u
A1A43;
B) ILIOIIAAb TpaHu A1A4,A4s3;

) 00bEM TTupaMuibl A1A2A3 As.

Al2,3,1)

Puc. 1

a) Ucnons3yem dopmyisl (2.2) u (2.3).
OmnpenenyiM KOOPAUHATHI BEKTOPOB:

AA =(2-(-1), 3-0,1-1)=(3, 3, 0),
AA =(0-(-1), —2-0, 2-1)=(1, -2, 1).

Pe6po AA, =|AA =3 +3° =10+9=18=3V2 ex,
AA =|AA[ =1 +(-2)° +1° =1+4+1=18 =6 ex

0) Yron mexny péopamu A4, u A1A; paccMaTpuBaeM Kak Yrojl MEXIy

BEKTOpAMH E =3, 30 u mz 1 -2, 1.

[To hopmyrie (2.6) i KOCHHYCa yria MEX/Ty JIBYMsI BEKTOPaMH MOTYUHUM:




(AA, AA) 3143(-2)+01 3-6+0 -3 -3

AA[AA] - 2B 312 63 28

CoS(p =

3
@ =T —arccos—.

243

B) I'panb A;4,A43 €CThb TpEYroibHUK, MIOHIAb KOTOPOTO pPaBHA MOJIOBUHE

wiomany mapauienorpaMmma  A;4,AgA3, TocTpoeHHOro Ha BekTtopax AA,
u AA . Ilo dopmymne (2.8): S5 :‘[AIAZ,E]‘

BeruncnnM BekTopHOE mpousBeneHue BekropoB AA, u AA, mo dopmyne

(2.9):

3 0‘ .‘3 0‘ ‘3 3‘
+ Kk =

- 1 -2

T J k
[%%}i 3 g=i_2 17 g

—2
=(31-(-2)0)i—(31-10) j +(3-(-2) —1:3)k =3i —3j - 9k.

S_ = \[Eﬁ]\ =32 +(=3)2+(-9)’ =/9+9+81 =+/09 =311 ex’.

S _1 S, = —3\/1_1 en’
AAAA 2 =] 2 ’
r) OO0BéM TpeyroapHOW mHpamuasl V paBeH 1/6 oObéma

up

napamenenunena V, -, moctpoenHoro Ha ektopax AA,, AA;, AA, kak Ha

cTopoHax. 3 CBOMCTB CMENMIAHHOTO MTPOU3BEICHUS CIIEIYET, UTO:

Vi = ‘( AA AA AA, )‘ , M CJIEIOBATENBHO,

1
Vi, = 5 (AALAALAA,)
Onpenenum KOOpAUHATHI BEKTOpa

AA, =(1-(-1),-1-0,5-1)=(2, -1, 4).
[To popmyne (2.11) umeem



3 3 0

(AA.AALAA)=L -2 =3 Yogt Haot A
R - -1 4 T2 4 2
2 -1 4
=3(-8—(-1)—3(4-2)+0=3(-7)—32=—27.
1 27 9
V. =Z|-27|=2-=2=45er’.
m =g 2l= g =g A5

3. DJjieMeHThl aHAJTUTHYECKO reoMeTpuu B R3

Hanpasnaiowum eexmopom npsmoiu Ha3bIBaeTCsS JIOO0W BEKTOp S,

JIe)KAIMM Ha 3TOU MPAMON WM €1 MapauIeIbHOW U OTJIMYHBIN OT HYJIb-BEKTOPA, T.

/ KanoHuueckne  ypaBHEHUS  MPSIMOi,

IPOXOJAIIEH 4Yepe3 MJaHHYy TO4YKy M, c

M (x,y, z) JAaHHBIM HaIIpaBJIAIOIIUM BCKTOPOM S ,

UMEIOT BUJI:

M
o (X0, Yo, Zo) X—Xo:y—Yo:Z_Zo

m n P

, (3.1)

riae (X, Y, Z) — KOOpAUHATHI TEKYyIIEH TOYKU mpsAMOit; (Xo, Yo, Zo) — KOOPIHHATHI
JaHHOW TOYKHM Ha mpsMoii; (M, N, P) — KOOPAMWHATHI HAIPABJISIOIIECTO BEKTOpa
MPSMOM.

Ecin Ha npsiMoli 3afaHbl JBE TOYKH

Ml(X]_, Y1, Zl) u Mz(Xz, Y2, 22), TO B KadYC€CTBC

M, (Xa, Vs, 22) HaMpaBJIAOLIEr0 BEKTOpa IPAMOM MOXKHO B3STh

BexkTop MM, :

M (x4, y1, Z Q _ — _ _ _
b o 23} S=MM,=(X—X, Y, — ¥, Z,—-2).
PaccmarpuBas B kauecTBE JaHHOM TOYKHM TOYKY M) M HCIIONB3ysl YPAaBHEHHE

(3.1), mosTyunM ypaBHEHHS IPSIMOH, IPOXOISIIEH Yepe3 IBE JaHHbIC TOUYKH:

X=% _ Y=Y, _2-7
X =X Yo=Y Z, =4

(3.2)



[Tyctp npsmas |; umeer Hanpasistronwii Bektop S, = (m,,n,, p,) u npsmas I,

— Hanpasnsrommi Bekrop S, =(m,,n,, p,).

Yron ¢ mexay npsmbivu | w |, ompexensercs kak yrom Mexmay HX

HANpaBIAIOIMME BekTopamu S, u S, , o dopmyne (2.6) noyyaem:

(5.5,)

mlmZ + nan + pl p2

COS(p =

S5, JmEent e pimEenzept

I, ||1,,ecmu S,||S,, T. e. 0 ycinoBHI0 KomHMHEapHOCTH (2.12)

_nh_b

1
n, B

Kpurepuit nepnenaukynspaoctd npsameix | L1, <=> S_1 J_§2. Torma no

YCIIOBHUIO OPTOTOHANBHOCTH BekTopos (1.7) mm, +nn, + p,p, =0.

Hopmanvnvim Bexktopom miiockoctu (/1) HaszwiBaercs mroOoi Bektop N,

HCpHGHI{HKyanHBIﬁ K IINITIOCKOCTH u

4 N=(AB,C) _
OTJIIMYHBIA  OT  HyJb-BekTopa: N L[717
u N = 0.
M (x,y, z) v o
PaBHEHHE IUIOCKOCTH, IMPOXOAALIEH
yepe3 JAaHHYI0 TOYKy My TIJIIOCKOCTH U
MMEIOIIeH NaHHBIH HOpMasbHBIH BekTop N,
I Mo (X0, Yo, Zo)
VMEET BUJ:
A(X—%,)+B(y—-y,)+C(z-2,) =0, (3.3)

rae A, B, C — xoopauHaTel HOpManbHOTO BekTOpa N ;

X0, Y0, Zo — KOOPAMHATHI JAHHOW TOYKH IJIOCKOCTH;

X, Y, Z — KOOpJIMHATHI TEKYIIIEH TOYKH MIOCKOCTH.

Ecnu B ypaBHeHuu (3.3) packpbITh CKOOKH, TO €70 MOKHO 3aIicaTh B BUJIC

Ax+By+Cz+D=0. (3.4)



YpaBHeHUue

Ms3 (X3, Y3, Z3)
\ HAa3bIBACTCAA
A

M (x,y, z)

(3.4)
oowuUM

ypaeHeHuemM nioCKocmu.

Tpu Toukm Mi(Xy, Y1, Z1),
M; (X2, 2, 22) M>(Xa, Y2, 22) 1 M3(X3, Y3, Z3) (He
1 (X1, ¥, 21) JeXalue Ha OJIHOM MPSIMOM)

ONPENEISIIOT TIOCKOCTh B R.

YPaBHCHI/Ie TaKOW TIJIOCKOCTH MOYKHO I[MOJIYYUTb H3 YCIIOBHA KOMINIAHAPHOCTHU

(2.13) Tpéx BEKTOPOB:

MlM = (X_ X, Y=Y, 2— 21)’
W: (Xz — X Yo=Y 4 — 21)’
W: (X3 =X, Y3~ Y 53— 21)’

X=X Y-y Z-1%

X, =% Y=Y Z,—7|=0.

X3=X Ys= Y1 43774
3aechk X, Y, Z— KOOpPJWHATHI TEKYIIEN TOUKU M,
X1, Y1, Z1 — KOOPJHUHATHI TAHHOWU TOYKH M7;
X2, Y2, Z — KOOPAWHATHI JAaHHOW TOYKU Mp;
X3, Y3, Z3 — KOOPJAMHATHI JAHHOU TOUKU M3.

ITycte  miockocts Il 3amana

Mo (X0, Yo, Zo)
ypaBuenneM AX+By+Cz+ D =0.

Paccrosuue ot Toukm  My(Xo,
110 TI0CKOCTH 11 BeIuncseTcs mo popMmyiie:
d- |AX, + By, +Cz, + D|
JA? +B?+C?

Yron MCXKIAY ABYMS IINIOCKOCTSAMH, HOPMAJIBHBIC BCKTOPLI

N, =(A,B,,C) u N,=(A,,B,,C,), Berancnsercs o Gpopmye:
(N..N,)
N,|[N,|

2

Z|

COSQ =

Z|

(3.5)

00ImM

yOl ZO)

(3.6)

KOTOPBIX



Kpurepnii napajieIbHOCTH IIIOCKOCTEN:

IT || IT, < N, || N,, Qﬁ:i:&
AZ BZ CZ

Kpurepnii nepneHAuKyIsspHOCTH IIIIOCKOCTEN:
I, 111, & N, LN, < 44,+BB,+CC,=0.
Yrom Mexay OpAMOM M IUIOCKOCTBIO ONPEHNENSeTCs  Kak

JOTIOJTHUTENBHBINA K YTy (0 MEXAY HaNpaBISIOIIMM BEKTOPOM MPSIMOU §=(m,n,p)

U BEKTOPOM HOPMAJM K IJIOCKOCTH N=(AB.C). racum o6pasom y=90"-¢ u
TOJTy4aeM:

| (5.N)

Sln\y:cosq):‘g‘ ‘N‘ (3.7)

Ilpumep 2 (npoodonicenue). Jlanbl KOOPAWHATHI BEPIIUH TPEYTOJIHHON
MIAPaMU/TbI
Ay (1,0, 1), 4, (2, 3, 1), 43 (0, -2, 2), A4 (1, —1, 5). Ilponomkenue 3amaHus 5
MYHKTBI T—3.

TpeOyeTcst HaliTH:

1) KAHOHMYECKUE ypaBHEHHs TpsiMoit |, mpoxosiielt uepe3 Touku Ay U Ay,

¢) ypaBHeHue mockoctu I, mpoxoasieit uepes3 Touku Ay, Az, v As;

) yroi Mexay npsimoii | u mmockoctsio I1;

3) BBICOTY TUPaMUIBbI.

Pewienue:

1) Jns HaxoXJIeHWS KaHOHWYECKUX YpaBHECHHM MpsMor 4144 UCTIOIb3yeM
ypaBHeHue (3.2) npsiMoi, mpoxoasiel yepe3 aBe Touku A; (-1, 0,1) u 44 (1,-1,5):
: X— (-1 _ y-0 z-1 . x+1: y _ z-1

A1A4 = JIN .
2-1 3-(-1) 1-5 1 4 -4

€) YpaBHEHHE IUIOCKOCTH A14,A3 TOMydYHM, HCHOJIb3ys YpaBHEHHE
mwiockocty (3.5), mpoxomsmiedt uepe3 Tpu ngaHHeie Touku A; (-1, 0, 1),
A;(2,3,1), 43 (0,-2, 2):



x-(-1) y-0 z-1 Xx+1 y z-1
2-(-1) 3-0 1-1|=0wmm| 3 3 0 |=0.
0-(-1) -2-0 2-1 1 -2 1

PaCKHaI[BIBaSI OIIPCACIUTCIIb I10 3JICMCHTaM HGpBOﬁ CTPOKH, ITOJTYIHNM:

30

3 0 3 3
1 - -1 =0 =3(x+1)-3y-9(z-1)=0.
(x+)‘_2 1‘ y‘l 1‘+(z )‘1 _2‘ = 3(c+1) -3y -9(z-1)

JleauM Bce 4iieHbl ypaBHEHUS Ha 3 U pacKpbIBaeM CKOOKH:
X+1-y-3z+3=0.

OKoHYaTENbHO YpaBHEHHE MIOCKOCTH A1A,A43 UMEET BUJL:

X—y—-3z+4=0.

K) Yron mexay mnpsmoi | m mmockocteio I Haiiném mo dgopmyne (3.7).

x+1_y_z-1 1
VYpaBHeHue psiMoii | moirydeHo B MyHKTE /1) M UMEET BH/T T = Z 4

KOOpI[I/IHaTBI HampaBJAIOMICTO BCEKTOpPa — OTO 4YHCIa B 3HAMCHATCIIAX,

crenoBatenbHO: S =(1,4,~4). YpasHenue miockoctd IT mOTydeHO B MyHKTE €) U

umeer Bu X—Yy—3z2+4=0. CrnenoBaTeiabHO, HOPMAJIbHBI BEKTOP IIOCKOCTH

N wumeer KOOpAMHATHI paBHBIC KOd(GQHIHUEHTaM NPH X, ), Z B ypaBHEHUH
miockoct, T. e. N = (1,-1,-3).
Hcnonb3yem popmyiny (3.7):
11+4-(-1) —4-(-3) 9

o 9
RN VA N N T 11\/_ 1143’

3) Beicoty nupamu bl (0Tpe3ok 4445 (puc. 1)) MOKHO ONIPEACIIUTH KaK PaCCTOSTHUE

=y =arcsin

touku A4 (1, —1, 5) go mnockoctu 414,43 110 hopmyie (3.6).
A14243. X—y—-32+4=0.

Touka 44 (1, -1, 5).
B ypaBHEHHE IMJIOCKOCTH BMECTO X, V, Z MOJCTABHUM KOOPAWHATBHI A4 U

HOJEIIUM | N l| :

_ -(1)-35+4 p+1-15+4] |9

h= =
AR JB +(<1) + (-3)° it Vi J_




4. TlpousBoaHast PyHKIUH U €€ NPHJIOKEHUS

IIpoussoonoii  gynkyuu Y= f(X) Ha3pIBaeTCI KOHEYHBIA Mpeel
orHomenus mnpupamienus Qyakaun  Af = f (X +Ax)— f(X) x mnpupamenunto
HE3aBHCUMOM MEPEeMEHHON AX TpU CTPEMIICHUH MOCIICTHETO K HYIIO:

y = = lim &Y - jim TXTA0 = 1),

MXx—0 AX  Ax—0 AX (4 ' 1)

Ecin ¢ynkums B Touke xo (WM Ha TPOMEXYTKe X) MMEET KOHEUYHYIO
MIPOU3BOJIHYI0, TO (DYHKITHS Ha3bIBACTCS oughepenyupyemoii 8 amoti mouxe (WA
Ha MPOMEXKYTKE X).

[Iporiecc oThICKaHUS MPOU3BOJHON Ha3bIBACTCS OughgepenHyuposanuem.
[lpaBmina  muddepeHurpoBanuss ©  TabIUMIA  OPOU3BOJHBIX  OCHOBHBIX
AJIeMEHTapHbIX PYHKIMI npecTaBiieHsl B [Ipunoxenun 1.

T'eoMmeTprYecKH CMBICJ MPOW3BOTHOM.

A =10 1 Ecnu kpusas 3ajana ypasnenuem Y= f(X),

to f'(X,) =tgo— yrioBoit ko3P dHUIHEHT KacaTeTbHOI

f(x) (%, Y,) Xrpaduky Gpynkumm B atoit Touke (K =tga = f'(X,)).
VYpaBHeHue KacateabHOH K kKpuBod Y= f(X)

N

B TOUKE X( (Tipsimasi MyT) uMeeT BUJI;

PO

»X

y=1(x)+ F'()(x=x), (4.2)
a ypaBHenue Hopmanu (MyN):

1
(%)

MexaHUYeCKH CMbICJ NMPOU3BOAHOM. Eciin TOuka ABUKETCS MO 3aKOHY

(X—%,). (4.3)

y= f(Xo)_

S=s(t), rme S — myTh, t — Bpems, To S '(f) mpeacraBIsieT CKOPOCTh JBHUKCHHUS
TOYKH B MOMEHT BpemeHnu t, T. e. S () =V(t).
Huddepennman mepBoro mnopsaka ¢GyHknun Y =Y(X) onpenensercs

bopmyIioi:

dy = y'(x)dx, (4.4)



T. €. quddepeniman GyHKIIMN paBeH MPOU3BEIACHUIO TPOWU3BOIHON OT (PYHKIIUU

Ha auddepenman He3aBUCUMON niepeMeHHoi. 13 dhopmynbl (4.4) BbITEKaeT elie

dy

onHa (hopma 3arrcy TPOU3BOTHON B BHJIC A
X

IIpouzeoonoii N-20 nopsidoka Ha3bIBAECTCS MPOU3BOAHASL OT MPOU3BOAHOM (N—
1)-ro  mopsinka.  I[lpow3BoaHbIE  BBICHIMX  THOPSAKOB  BBIYMCISIOTCS

nocyienoBaTeabHbIM  AuddepeHupoBanreM gaHHoW ¢yHkuud. Hampuwmep,

d’y

pou3BoIHas Broporo mopsaka Y =(y')" wmu P
X
3ananue 3.
3.1. Haiitu npousBojHbIe 1-ro nopsaka GyHKIUH a), 0), 8), H 2);
3.2. Haiitu npon3BoIHYI0 2-T0 TopsiaKa GyHKIIUH a)
3.3. 3ammcath J:[I/I(b(bepeHuHan MIEPBOTO TOPSIKA (I)yHKI_[I/II/I a)

a) y=3x° +J_ . 6) s=(e' —2Int)sint; ) u=ctg® Tk f‘fitz:.
Pewenue.
3.1 a) Ucnonw3ys mpasuna |, 11l u ¢popmyny 3 Tabmuiel mpoM3BOAHBIX,
MOJTyYHM:
y =3 + 32 — 41Xy =30E) + (x2’3)’ —4(x Y =

12
fx

0) Wcnons3yst mpaBwia auddepeHimpoBanusi npousBenenus ¢yakiui |,

=35x* +§x‘1’3 4(-3x*) =15x" + —

pasznoctu |, bopmynst 5, 7, 8 (Ilpuin.1) u yuuTeiBas, 4To HE3aBUCUMAs IEPEMEHHAS
ecth i, T. . t'=1, momyumum:

s=[(e' - 2Int)sint] = (e' — 2Int)'sint + (e' — 2Int)(sint)' =

(") —=2(Int))sint + (e' — 2Int)cost = (et —%jsint +(e' —2Int)cost.

6) CnoxHasi cremneHHass (yHKIMS, He3aBUCHMMAas TIepeMEHHash ecTh V,

T. €. V'=1; ucnions3ys dopmynst 3, 11 u 2 (ITpun.1) nomyunm:



!

V !
z 3)
u'= (ctg!] :2(ctg!j(ctg!) :Z(Ctg!j R =
3 3 3 3 sin2 ¥
1 Y, Y,
= 2¢ctg— COS—
=20tg! - 3v ———:i’/——g :\)’/
3| sinzY 3sinzy  SsindY
3 3 3

2) Hcnonezys mpaBwia auddepeniupoBarus yactHoro |V, cymmer |, 1l

u hopmynet 3 u 14 (ITpun.1), yautsiBad, uro t'=1, momyunm:

3.1

L (arctg 2t j’ _ (arctg2t)'(1+ 4t%) — (arctg2t) (1 + 4t?)’ _
1+ 4t? (L+ 4t%)?

(2t)

_ 14417

2
(L+46°) ~arctg2t(0+421) 5 _ gy reqgo
(l+4t2)2 (1+ 4t2)2

3.2 B mynkre 3.1 @) Hammm npou3BoAHYIO 1-ro mopsaka JaHHOW (QyHKITUU:

y' =15x* + 25 41054,
Haiiném npousBoanyio Broporo mopsiaka Y =(y')':

yﬂ:(15x4 +§X—1/3 +12X_4j :15(X4)r+%(X—ll3)r+12(x—4)’:

_154x° 1 2. (—1] x*? +12(-4x7°) = 60x° - 2__ 6—8
3 3 9x§/§ X

3.3 3anmmem muddepernman pyHkuu a). Cormacao hopmyie (5.4) momydnM:

dy=@¢+3¢ - Lyix = dy=@5x* +i+%)dx.
X 3Ryx  x

Hcnonp30Bany pe3yabTaT HaX0XJIEHUS IPOU3BOIHON (QYHKIIMH @) B IMTyHKTE

3aoanue 4. CoCTaBUTh YpaBHEHHUE KacaTelIbHOM W HOpPMad K KpUBOM

y =/ X* — 3 B TouKe ¢ abCImccoi Xo=2.

Hcnone3yem ypaBHeHUs KacaTenbHOH (4.2) u Hopmam (4.3):



1) y(%)=Yy(2)=+2*-3=1,

2 V() =(0¢ -3 =206 -3 (¢ -3 =2 (¢ -3) 2x=— K,
X“—3

V(%) = Y'(2) = \/227—3

[MoxcraBuM Xy, Y(X,), ¥'(X,) B ypaBueHus u momyuum: Y =1+ 2(X—2),

=2.

umu 2X— Yy —3=0 — ypaBHEHHE KacaTeIbHOM.
1
y=1- E(X —2), unmn X+ 2y —4=0— ypaBHEHHE HOPMAJIH.

5. Kpatkmue cBeieHusi U3 TeOpuM npeaeaoB GyHKIUU

Yucno A HaseBaoT npederom @yuxyuu f(X) mpun X —>X, (1 numyt

lim f (x) = A), ecan s moboro € >0 Haiinercs uucio 6 >0, 3aBucsIIee OT &,
X—>Xp

TaKO€, YTO Ui BCeX X#X,, YIAOBJICTBOPSIOMIUX YCIOBHUIO |X— X0| <9,
BEITIOJTHSCTCS. HEPABEHCTBO | f(x)— A| <E.
Gynkumsa o(X) HazpBaercs Oeckoneuno manoti (0.M.p.) mpu X—>X, (
X —> 0), ecin Iimoc(x):O( Iima(x)zo).
X—>X X3

®ynkmust f(X) HaszpBaeTcs Oeckoneuno Oonvuwon (0.0.d.) mpu X —> X, (
X — ), ecnu s odoro M>0 Haiinércs unciao O >0, 3aBucsiiee or M, Takoe,

4TO JJISl BCEX X # X;, YAOBJIETBOPSIOIINX YCIOBHIO |X—XO|<8, Oyzmer BepHO

nepaseHcteo | f (X)|>M ( lim f (x) = oo).
X—%g

Ecnu o(X) ecth 6. M.¢. ipu X — X, (i X — ©), To pynkms f(X)= 1

o(X)

siBysiercst 0. 0., u oOpatHo, eciu f(X) 6.6.¢. mpu X — X, To a(X) = SIBIIICTCS

f(x)

0.m.0.



Ecmm a(x) u B(X) 6.M.¢. mpu X — X, (X —0), TO 4TOOBI CPABHUTH UX,

.o X
HY)KHO BBIYHCIIUTH Tpeiest ux oTHomeHus. [Tycte  lim % =k. Torna:
X—>Xg X

npu K =0 o(X) Ha3piBaeTcs 0.M. 00JIEe BEICOKOTO MOPsIKa MajgocTH, ueM B(X) ;
npu 0<k <oo (X)) u B(X) oxHOTO MOPSIKA MAJIOCTH;
npu K =00 a(X) Gonee HU3KOTO MOpsiKa MaIocTH, 4eM [3(X) .

Ecm k=1, 1o 6.M.p. a(X) m B(X) Ha3BIBAIOTCS IKEUBATEHMHBIMIL:
a(x) ~ B(x).

[Ipenen oTHomeHWs IBYX O.M.). HE H3MEHUTCA, €CIM Kaxayro O.M.d.

3aMCHUTD HAa OKBUBAJICHTHYIO.

[TpuMepbl SKBUBaJICHTHBIX 0.M.¢. pu o(X) — 0

o(X) ~ sina(x) ~ tga(x) ~arcsin a(x) ~
~arctgou(x) ~e*® —1~a“® —1~Ina~In(L+ a(X)).
Teopemsl 0 peaenax:

1. limc=c (c=const).

X—Xg
2.Ecmu lim f(x)=A, limop(x)=B, o:
X—Xo X—Xg
lim(f (x) xe(x))=lim f(x) = lime(x) = A+ B;
X—>Xg X—>Xg X—>Xg
lim(f (x)-@(x)) = lim f (x)-lime(x) = AB;
X—Xg X—Xg X—Xg

lim f(x) A

lim X _oe A g
% @(X) lime(x) B
. . . sinX
Ilepsbiii 3ameuamenvhblil npeoer. IIITJ— =1.
X— X

Bmopoti 3amewamenvhwiii npeden (uncio e =2,718...):

lim(1l+1/x)* =e wm lim(1+ y)"Y =e.

X—0 y—0

Yto0b! HaiiTH mpeaen sneMentapaoi Gyukipu lim f (X), HyxHO npeaensHoe
X—>Xg

3HAUCHHUC aprymMcHTa IOJACTAaBUTL B (1JYHKI_[I/IIO U I1OCYUMUTATD. HpI/I 9TOM, €CJIN X=X



NPUHAIKUT 00JacTU ompeneneHuss (QYHKIUH, TO 3HAUYeHHE Mpenena Oyaer
HalJICHO, OHO PaBHO 3HAYEHUIO (DYHKIIMU B TOUKE X=Xg. [Ipy BbIUMCICHNH TIPEIETIOB

MIOJIE3HO MCIIOJIB30BaTh Cieayrolme cootHommenus. Ecimm c=const, ¢#0, C# oo,

TO, YUHTHIBAs CBOMCTBA 0.0. 1 6.M. QYHKIIUHN, TOTYIUM:

0 c 00 oo
——>0; = —>ow; ——0w,Ccow—>00,c0—>0; a* —>0,ecml<a<l;a” — oo, ecam a>1.

C 0 C
Cnyqan, B KOTOpBIX IIOACTAHOBKA HpCI[CJ'IBHOFO 3HAUCHUA aprMeHTa
B (GYHKIHWIO HE JaeT 3HAYCHHs TMpefeiia, Ha3bIBAIOT HEOMPEICICHHOCTIMHU;

K HUM OTHOCHATCA HeOHpeHGHGHHOCTI/I BHUIOOB:
00 0 "
(—); (—j; (0-0); (o0 —o0); (17); (°); (0°).
o0 0

YcerpaHuTh HEONPEACICHHOCTh MOXHO C TOMOIIBIO  anredpandyecKkux

Hp606pa30BaHHﬁ HJIA UCIIOJIB3Y: IIPAaBUIIO Jlonurans.

o0

Ilpasuno Jlonumana. Ilpenen oTHOIIEHUS IBYX O.M. [%j i 0.0. [Sj

GbyHKUMIA paBeH TMpefeiny OTHOIICHHS HX TMPOU3BOJHBIX (KOHEUHOMY WIIU

OECKOHEYHOMY ), €CJIU TIOCIEIHUIN CYIIECTBYET:

tim ) _ i 10 (5.1)
=% @(X) % @'(X)

UtoObl  ucnosb3oBaTh  mpaBwio  JlomwTans s pacKpBITUS
HeomnpeAenEéHHOCTEeH APYTruX THUIOB, BBIpAXXEHHE MOJ 3HAKOM TpefeNa CleayeT
npeo0pa3oBaTh  DJIEMEHTAPHBIMU  CIIOCOOAMHM  TaK,  YTOObl  MOJYYUTh

HEOIPEICIICHHOCTD (6) 7M1’ (fj W 3aTEM HCIOJIb30BaTh Gopmyiy (5.1).
o0

3amanue S. Halitu npexpensl, ucnonb3dys npaBwio Jlonurana wuimn

AJIEMEHTapHBIE CITIOCOOBI PACKPBITHS HEOTIPEIeTIEHHOCTEH

3 _ 2 _
a) Iim4x erZx 3; 6) lim 2x2 +15x+7; . Iim2 \/4+x.
x>o  X“+6 x>-7 X +5x-14 x>0 tg5X
Pewenue.

a) [loacTaBisst B yHKIIMIO BMECTO X MPEIEIbHOE 3HAUCHHUE 00, ONIPEACITUM

npeacia YuCINTCIIA U SHAMCHATCIIA.



Iim(4x3+2x—3)=Iimx3(4+%—%j=oo-4:oo, Lk 20, > 0.
X—>0 X—>0 X X X X

Amnanornano: lim(x® +6) = oo,

X—0

o0
Nmeem HCOIIPCACICHHOCTDb B 1A (—j . HCHOJII)Z%YCM IMpaBnIIO JlonuTans:
o0

4 +2x-3 . (4x°+2x-3) . 12x*+2 (oo
Mm————=Iim =lim = — |=

X—>00 X2 +6 X—00 (X2 + 6)’ X—>00 2X 00
2 '
im @22 i 24X 1oy = oo,
X—>00 (2)()’ x>0 2 X—>00
2 2
6) 1im 2)(2 +15X+7=Iim 2( 7)2 +15( 7)+7: 0 _
x>7 X +5x-14 x>7 (=7)"+5(-7)-14 0

) (2x2 +15x+7)" . 4x+15 . 4(-7)+15 -13 13
= lim > ; =lim———=1im = =—.
x>7 (X°+5x-14)"  x>7 2x+5 x»>72(-7)+5 -9 9

&) lim 2—\d+x lim 2-4+0 _(9)_ lim (2-J4+x) _
x>0 tg5X x>0 tg(50) 0 x>0 (tg5x)’
1 -1/2
—Iim_2(4+X) _lim —cos’5x _“m—cosz(S-O) -1
or0 5 0104+ Xx *0 10J4+0 20
c0s” 5x
3amMeuaHue. ECHI/I, IIPUMCHHUB IIPABUIIO .HOHI/ITaJ'IH, CHOBa IIOJIYYHIIH
HCOIIPECACICHHOCTD (6) i (Ej , TO CHOBa IIPUMCHACM IIPaBHJIO OO0 TCX II0P,
o0

MOKa HEONPEIEIEHHOCTh HE OyIET pacKphITa.

6. HccnenoBanue pyHkumii u nocrpoenue rpadpukon

[IpuBeném oO1LyI0 CXeMy UCCIeA0BaHUS U MOCTPOECHUS Tpaduka GyHKIUH.

1. Oo6aactb_onpenenaenuss GyHkmuu (0.0.¢.). Ooaacmoio onpedenenus D(Ff)

@ynxyuu Yy = f(X) Ha3BIBACTCS MHOXKECTBO BeeX X € X Takux, uTo Beipaskenue f(X)
UMEET CMBICH, T. €. B3sB Jr00oe Xe X u moxacraBuB B f(X) MokHO HaiiTh
cooTBeTCTBYMOMIEee 3HaueHue Gynkiun f(X).

2. Ob6uacTb HenpepbiBHOCTH _(yHkiuu. Dyakius Y= f(X) Ha3pBaercs

HenpepvieHOlUl 8 MOYKe Xg, €CIM OHa: 1) ompeneneHa B TOYKE Xg; 2) HMEET

KOHEUHBIN Mpeses Npu X —> X,; 3) 3TOT Ipe/ell paBeH 3HAaYEeHUIO (PyHKIUHU B 3TOU



touke lim f(x)= f(X,). PyHkuus Ha3bIBACTCSI HENPEPHIBHOM HAa HEKOTOPOM
X—>Xg

MPOMEXKYTKE X, €CIM OHA HEeTpephIBHA B KAXKJ0M TOUKE 3TOr0 MPOMEXyTKa. Touka
Xo HA3bIBAETCS TOYKOW pa3pbiBa GYHKIIMU, €CIIU B 3TOM TOYKE HE BBITIOJHEHO XOTS
Obl omHO U3 ycioBuil 1—3 HenpepbiBHOCTH (yHKIMU. Bce snemeHTapHbIE
(GyHKIHUU HETIPEPHIBHBI BO BCEX TOUYKAX, IJIE OHU OMPEIEICHBI.

3. YérHocTh, HeYéTHOCTHh _dyvHkmuH. Dyakmus Y= f(X) Ha3pBaercs

yémnou, ecim f(—x)= f(X), e€ rpadux cummerpuueH oTHocuTenbHO ocu OY.
Oynkuus Y = f(X) HaswBaetcs neuwémmou, ecmm f(—x)=—1(X), eé rpadux
CUMMETPHYCH OTHOCHUTEIbHO Hadajga KoopauHar. OcTtajabHble  (YHKIIHN

HA3BIBAIOTCS (YHKYUAMU 00We20 8Uod.

4. Toukm nepeceueHusi rpagpuka  GVHKIMM ¢ OCAMM __ KOOPJAMHAT.

y="f(x) y=f(x)
[lepeceuenue ¢ ocsio OY <=0 ; lepeceueHne ¢ ocbro OX y=0

5. AcuMnToThl _rpaduka _dyHKmuH. Acumnrotoi kpuBod Y= f(X)

Ha3bIBaeTCcs mpsimast |, Takas, uro paccrosaue Todku (X, f (X)) oT aTol mpsmoi

CTPCMHUTCA K HYJIIO IIPpHU HCOTPAHNYCHHOM YAAJICHHUN TOYKH IIO KpHBOﬁ OT Ha4dalla

KOOpAMHAT. PaznnyaroT BepTHKAIbHBIE W HAKIOHHBIE aCUMITOTHL. [Ipsimas X = X,
SIBIISICTCS BEPTUKAIBHON acuMnToToi rpaduka dynkiun Y= f(X), ecnu xo ecTh

TOYKa OECKOHEUHOro pas3pbiBa (PYHKIHUM, T. €. €CIU XOTS Obl OJuH U3

OJTHOCTOPOHHUX TMPEACIIOB (HYHKITUU Iim0 f(X)=x0. Tlpsmas y=kx+b ecThb
X—Xo £

HaKJIOHHAS aCHMIITOTa rpaduka GyHKITIH y=f(x), ecim
. f(x) i

k=lim——=, b=1lim[ f (x) — X], npuyem 0ba npexaena CymecTBYIOT U KOHCUHBI.
X—00 X X—>00

6. HWHTEpBaJbl _ MOHOTOHHOCTHM M TOYKH JIOKAJBLHOI'0 JKCTPEMYyMa

byukmmu. Oyuxus (X)) HasbBaetes sospacmaroweti va (a, b) (f(x)./"), ecnn
I X, >X €(a,b) f(x,)> f(x). @ynkuusa f(X) HaspiBaercs yowisaroweri Ha (a, b)
(f(x) ), ecim mst x, > x, €(a,b) f(x,)< f(x). OyHKIMsS Ha3pIBACTCS MOHOTOHHOMU

Ha (a, D), eciu f(X)Tompko ' wmiam TOdBKO N Ha (a, b). Ecmum mmsa Bcex



xe(a,b) f'(x)>0, To f(x)./ Ha (a, b). Ecin mas1 Bcex xe(a,b) f'(x)<0, To f(X)\
Ha (a, D). Touka X=X, Ha3pIBaeTCA TOYKOH JIOKAIBHOrO MakcuMyma (Max),
[MuaEMyMa (Min)] dyakmun f (X) , ecnu cymecTByeT HEKOTOPBIA UHTEpBAI (o, B),
coAepKalmuMi TOYKY Xp Takod, dYto i Bcex xe(o,B) f(X)< f(x,)
[f(X)> f(%)] (xe(o,B) x#X%,). ToukH JIOKaATBHOrO MaKCMMyMa U JOKAIBHOTO
MUHHMYMa Ha3bIBAIOTCSI TOYKAMH JIOKAITBHOTO SKCTpeMyMa (DyHKITHH.
HeoGxoaumoe yciioBue 3kcTpemyma. Ecin xg TOuka JIOKaJIbHOTO SKCTpEeMyMma
HernpepoeiBHON QyHkuuu f(X), To eé mepsas mpoussoguas f'(X) B Touke xo wam
paBHA HYJIIO, UJIM HE CYIIECTBYET.

Touku, B koropeix f'(X)=0 wm f'(X) He cymecTByer, Ha3bIBaIOTCA
KPUMUYECKUMU MOYKAMU.

IlepBoe n0CTaTOYHOE YCJIOBHE OJKCTpPeMyMa: €CIM IpU IIepexojae uepes
KPUTHYECKYIO TOUKY Xo 3HaK f'(X) u3MeHmics ¢ «+» Ha «—», TO B TOYKE Xp
JIOKJIbHBI MAKCUMYM;

C «—» Ha «+», TO B TOYKE X( JOKAJIbHBI MUHUMYM;

ecim 3HaKk f'(X) He U3MEHMIICS, TO B TOUKE Xo IKCTPEMYMa HET.

/. VHTepBajibl _BBLINYKJOCTH _(YVHKUMH, TOYKH _mneperuda. DyHkius

y=f(X) Ha3wsBacTCcsa ewbinykaOU 68epx () [sHuz U] Ha uUHTEpBajC

(a, b), ecam st MOOBIX X, X, € (a,b) BBITOJHACTCS HEPABEHCTBO:

f(xl+x2j2 f(xi)"‘f(xz){f[xf"xzjs f(X1)+f(X2)}_
2 2 2 2

Touku, pasaensrone HHTEPBAIbI BHITYKIIOCTH, Ha3bIBAIOTCS MOUKAMU nepe2uda.
Ecmu f"(X) >0 Bcrony Ha (a, b), To dyukuus f (X) semykina Bams (U) Ha (a, b).
Ecim f"(x) <0 Bcrony Ha (a, b), To pyakmus f (X) Beimykia BBepx (M) Ha (a, b).

8. Ilocrpoenue rpaduxka. /[ noctpoenus rpaduka MOKHO B3SITh HECKOJIBKO

JOTIOJTHUTENbHBIX TOYEK.
3aganme 6. Iloctpouts rpadmk dymEkmum Y =X +3x°+1, ncHoNB3ys

OOIITyI0 CXeMy UCCIeI0BaHus (QyHKITUU.



Pewenue.

1. ®ymknus y=Xx®+3x°+1. onpenenena s moooro x, T.€. 0.0.9. D(y) =R,

XeR um D(f) = (—o0;+00).
2. Tak xak ¢ynxmms f(X)=x>+3%x° +1 ompeneneHa Ha BCeil UYMCIOBOH OCH,
TO OHA M HEMPephIBHA JIJIS JIIOOOTO X € (—o0;+00). Touek paspriBa HET.

{f (—=x) = (=x)® +3x% +1% f(X)
3

= f(x)— KIMs OOIIEro BUA.
—f(X)=—x*=3x* -1 f(-x) ()~ dyn

=x>+3x*+1
Y X 43X +1=0.

y=x"+3x"+1
4

o = A(0,1); {

Touku nepeceuenus ¢ ocbto OX mckath He OyJeM, MMOCKOIBKY JIJISl 3TOr0 HEOOXOIUMO
pelaTh KyOU4ecKoe ypaBHCHHE.
5. T. k. o¢ysxmms  f(X)=x*+3x*+1 He wnMeer TOYeK pa3pbiBa, TO

BEPTUKAJIBHBIX AacUMNOTOT y rpaduka QyHkumM Her. HalinéM HakiIoHHBIE

ACHMIITOTHI:
3 2
O XTH3XT+1
k=lim=————==Ilim[x* +3x +1/ X] = (0 + 00 + 0) = 0. HakJIOHHBIX ACHMITOT
X—>00 X X—>00
HET.

f'(x) = 3x* + 6X
6. Ompenesaum KPUTHIECKHE TOUKH: )
f'(x)=0. 3x"+6x=0=>x=0 x, =-2.
O.0.0. HalICHHBIMH KPUTHYCCKUMH TOYKAMH pa30MBaeM Ha HWHTEPBAIBI U
onpeesieM 3HaK Y'(X) BHYTpH KaXI0r0 HHTEpBaa:

y'(-3) =3(-3)(-3+2) =9>0; y'(-1) =3 (-1)(-1+2) =—3<0; y'(1) =31(1+2) =9 > 0.

PesynbTaTel ohopMuM B BHJIE TAOIHUIIB:

x [2)] —2 [(-2,0)] 0 [ (0.+0)
Yo + [ 0 | - [0 +
G AT R G P e

Yoo = ¥(2) = (-2)° +3(-2)* +1=5; y,;, = y(0) =1.



" __ 2 r__ .
1. OHpC,IIeJII/IM TOYKH, IIOAO3PUTCIILHBIC HA Hepem6: y'= (3X * 6X) =bx+6;
y"=0. 6x+6=0=>x=-1.

O.0.¢. HalileHHBIMU TOYKaMH pa30UBacM Ha MHTEPBAIILL, onpeensem 3uak f(X)
BHYTPHM KaXJOro HHTEpBAIA: Y"(-2)=6(-2)+6=-6<0;y"(0)=6>0. Pe3ynbrarsl

oopMUM B BHJI€ TAOJIUIIBI:

X (—o0,-1) -1 (-1, +o0)
y"(X) - 0 +
y(x) N un U

Yoo = Y(=1) = (-1)* +3(-1)* +1=3.

8. Iloctpoum rpaduk (pyHKINH, YIUTHIBas BCE MOJIYUYCHHBIC AAHHBIC, TAKKE

UCIIOJIB3YEeM JIBE JOoMoNHuTEIbHBIE Touku (—3,1), (1, 5).

__________________ k

» X

7. OYHKIHA HECKOJIbKHUX NepeMeHHbIX. YacTHbIe IPON3BOAHbIE

[lepeMeHHast BeJqWYMHA Z HA3BIBACTCS (OyHKyueill O8YX HE3ABHCUMBIX
nepemennvix X uy: z = f (X, y) (wm dysknuerr Touku M (x,y): z = f (M),
3a1aHHON Ha MHOXecTBe D, eciu 110 HekOTOpOMy 3aKoHy Kax/0ii mape (X, y)e D

(xaxxmoi Touke M € D) cooTBeTCTBYET Ompe/ie/ieHHOe 3HaYeHHUE Z.



OYHKIMOHATTBHYIO 3aBHCUMOCTh Z OT X H Y 3amnmchiBatoT B Buae Z =T (X, Y)
wm Z = f (M), wmm Z =z (X, y). MHOkecTBO D HasbIBaeTcst 001acmoio onpeoenetuis
bynkmn f (X, y) u o6o3Havaercs D (f). Ona HaxomuTCs U3 IBYX YCIIOBHIA:

1) B wmuoxectBo D Brmrowarorcs Bce Touku Twiockoctu OXY, rae
Boipaxkenne f (X,Y) onpenenero, T. e. IMeeT CMBICIL

2) Ecin dynkumst f(X,y) momydena [uist HEKOTOPOH (U3HYECKOil 3a1ad,
TO YYUTHIBACTCSI CMBICIT IIEPEMEHHBIX X U Y .

Iycrs dynkmys 2 = f (X, Y) onpenerena B obnactu D < B2 u My (xo, Vo) €D.

JlamuMm apryMeHTy X TpOHM3BOJBHOE MpHUpAIeHHe AX U apryMeHTy Y —
npupaiienne Ay tak, 4roosl Touka M (Xg + AX, Yo + Ay) € D.

Tonnvim npupawenuem ynakmun Z = f (X, y) B Touke My (xo, Yo) Ha3bIBaCTCS
pasuocts AZ = f (Xg + AX, Yo +Ay) — f (X0, o) .

Yacmuvie npupawenuss Gyakuum f (X, Y) Mo mepeMeHHBIM X W Y paBHBI
COOTBETCTBEHHO:

Axz =T (X +AX, Yo)— F (X0, Y0), Y=Yo=const,

Ayz =T (X0, Yo +Ay)— f(X0,Y0), X=Xo=const.

Yacmuvimu npouszeoonvimu GyHkiuu Z (X, y) B Touke (xg, Yo) MO X U IO Y
Ha3bIBAIOTCS TIPE/ICIIbl BUA:

o0z . Az oz . Ayz
— = lim : — = lim ——,
OX Ax—>0 AX oy Ay—0 Ay

CCJIM OHHU CYHICCTBYIOT 1 KOHCUYHBI.

JIpyrue 0003Ha4YeHHUS YaCTHBIX TPOU3BOIHBIX PyHKIINU Z = f (X, y) )

!/ !/ ! ! af 6f
Zy, 2y uma fy, Wi —, —.
Ecmu HeoOxoauMo, B CKOOKax yKa3bIBaeTCs TOdka (Xg, Yo), B KOTOPOH
BBIYKCIICHBI YACTHBIE MPOU3BOJIHBIE:

0z

— wi Zy(Xo, Yo) U T. 1.
OX

(X0.Y0)



W3 onpenenenusi 4aCTHBIX IPOU3BOIHBIX CICTYET MPABUIIO UX HAXOXKICHUS:
JacTHAs IIPOU3BOIHAS MO X €CTh OOBIKHOBEHHAs Mpon3BogHas mo X pynkmuu f (X,
Y), BBIYMCIIEHHAS TIPU yCIOBUH, uTO Y = CONSt. [Ipu 3TOM HCTONB3yI0TCS MpaBuia u
dbopmysl nuddepennmpoBanus GyHkiuu ogHoi nepemerron (IIpum. 1).

Ananornuso, ecna U = U(X, Y, Z), TO Uy BBIYUCTIAIOT IpH Y, Z = CONSt, uy—

npu X, Z = const, Uy mpu X, y = const.

3ananme 7. HaliTu yacTHbIE TPOU3BOIHBIEC IEPBOTO MOPSJIKA (HYHKIUN

2
X i _ —2X
a)z=x"- Xy ——5 6) z=sin’x-&*Y; @) u= Y
y c0s3z
Pemenue.
a)z= x4 . x Zy =7 7y =7 DyHKIMIO Z 3aIUIIeM B BUJE, yAOOHOM

_ F ’
11 91
st qubdepenuupoBanms: =X X2 y2 —xy 2 =x2y2 —xy 2.
Ucnons3ys npasuna I, I u dopmyny 3 (ITpuin.1), mudbdepenuupyem no x,

cunTas y = const:

91 91 19
Zy = (X2y2 —xy %)y = (x2y2), — (xy 2)x = y2(x2)x — y 2 (X)x =
1 7
59 - 5 7 1
=y2 =x2—y == X'y -—=.
y 5 y 5 y y2
Huddepenmupyem 1o y (X = const):
91 91 9 1
zy = (x2y2 —xy~?)y = (x2y2)y — (xy *)y =Xx2(y2)y —=x(y *)y =
9, 1 9
:X21y 2_X(_2)y_3:l X_+2_)3(
2 2\y vy

6) z=sin’x-e*7.

Ucnons3yem npasuio |l u popmyner 3, 5, 8 (Ilpun.1), cuuras y =const:
z) = (sin® x-e*7Y), = (sin® x),e*™Y +sin? x(e* )} = 2sinxcosxe* Y +
+sin®xe* Y (x — y)y = 2sinxcosx- XY +sin®xe* Y -1=sin2xe*Y +

+sin?x-eXV,



IIpu BBIYMCIEHUN Zy MOXKHO MCHOIB30BaTh mpaBmiao (C-U)'=C-U’, Tak Kak

MHOXKHTCJIb Sin2 X— NOCTOIHHAA BEINYNHA Ipu X= const:

z}, = (sin®x-e*7Y), =sin®x(e*Y)} =sin®x-e* Y (x - y)} =sin®x-e* Y (1) =

— —sin?x.e*7.
2
—2X
8) U= y , Ux=? Uuy=? u;="?
C0S3z

[Ipu nmuddepenmpoBanuu Mo X cuuraeM Y, Z = CONSt, ciempoBaTeNbHO, Y

4

!/
o u
I[pO6I/I 3HaMCHATCJIb IIOCTOAHHBIN U UCIIOJIB3YCM IIPABHUIIO E—j =— .
c c

!

1

1Y 2202 | 1 - ,
oo | " -2%) B
c0s3z c0s3z c0s3z
X

(224 2(-2)
_2 __ 1
C0s 32 c0s32yy? — 2x

Ananornyno npu auddepeHIupoBaHuy Mo Y cuyuTaeM X, Z = Const:

!

1

' 2_ox)2 21 '
| (yz_ZX); (v -2x)? y ;(yZ—ZX)Z(yZ—Zx)y
Uy = C0s3z - C0s3z - C0s3z -
y
Liye_) _;2
-2 ey y

€0s3z C083z4/y* — 2X |

Huddepenuupys GyHKIMI0O 1O Z, cuyuTaeM X, Y = CONSt, ciemoBaTelbHO,
YUCIUTEIb JPOOU TOCTOSIHHBIN M MOYKHO MCTIOB30BaTh MPaBuiio V:

!
C cv'
(—) =———. UmMmeem:

v V2



4

1 1 1

(y2 —2x)E (y2 —ZX)E(COS?)Z),Z (y2 —2X)§(—Sin3z)-3
Uz = = 2 = 2 =
C0s3z (cos3z) (cos3z)
zZ
~ 3y?-2xsin3z
(cos?;z)2 '

8. I'pagueHT CKAJISIPHOIO MOJIA ¥ POU3BOAHAS 10 HANPABJIEHUIO

[Tycte D HekoTopas o0nacTb B IPOCTPAHCTBE R®. Eciu B Heil 3ajmaHa
dbyHKIMS U=U (X, Y, Z), TO TOBOPAT, 4TO B obnactu D 3anaHo ckanspuoe none, a
bynskms U=U (X, Y, Z) Ha3bpIBaeTcs (yHKIUEH ckasipHOro nosst. Hampumep, U —
Temrieparypa B Toukax M € D (mone temmeparyp), wim U — JIaBJICHUE KUIKOCTU
WK Ta3a B Toukax cocyna D (mosne mammenwit). [Ipu uzydeHnn CKaasipHOTO IOJIS
BaXXHO MMETh MH(GOPMALIMIO O CKOPOCTH M3MEHEHUS BEJIIMYMHBI MOJSI B TOM WU
WHOM HampaBiieHud. Takyro MHGOpMAaIMIO JAaeT MPOU3BOAHAS MO HAIPABJICHHMIO.

Hapsny ¢ Heil paccMarpuBaioT B Kaxaou Touke Mg € D BekTop ¢ koopauHaTamMu
(u; ( Mo ), Uy ( Mo), uy (Mo )), Ha3bIBaeMbId epaduenmom (GyHKIUA U =U (M )B
touke Mg. BekTop rpaaunenta obo3navaercs gradu ( Mo ) )

gradu(Mo ) =uj (Mo)T +uy(Mo)J +uj (Mo)k, (8.1)

rae i, j, K — equHMYHBIE BEKTOPBI JEKapTOBA IPIMOYTOJILHOIO Ga3Kca.

Bekrop grad u (Mp) yka3siBaeT HampasieHnue, B kotropoM (yHkius Uu(M) B
Touke My BO3pacTaeT ¢ MaKCUMaJbHON CKOPOCThIO. MakcumanbHas BEIMYMHA

CKOPOCTH paBHa:

lgrad u(Mo)| :\/(u;(Mo))Z #(uy (Mo))” +(u (Mo ). (8.2)

Bekrop grad u(Mg) (ecinu OH HeHyneBOH) HamlpaBlIeH IO HOPMAld K

MOBEPXHOCTH  ypoBHs  GQyHkumum U=U(M), ompenensemoil ypaBHeHHEM

u(x,y,z)=u(Mg) n npoxomsueii yepes Touxy Mo(Xo,Yo,20).



[Tycts GpyHKIUMs cKanspHOTO Tois U= U (M) onpeneneHa u
mddepeHnIpyeMa B HEKOTOpoil OkpecTHOCTH Toukd Mg e D < & u S — kaxoii-

60 (HKCHPOBAHHBI BEKTOp B R°.

IIpouseoonoii ¢pynkyuu u=u (M) B Touke My B manpasnenuu sexkmopa S

Ha3bIBACTCA IIPCACII OTHOUICHHUA IIpUPAIICHUA (b}’HKHI/II/I U B TOYKE Mo B

HATpaBJICHUH BEKTOpa S (As-u =Uu ( M ) —u ( My )) K PacCTOSTHUIO MEXJly TOUKaMHU

M u Mg (p(M,MO)), korga touka M—Mj, Tak, yto Bektop MM ocTaercs

COHAIIPABJICHHBIM JAaHHOMY BEKTOpPY S , T. €.

ou o u(M)—u(My)
E(MO)_MII—TAO p(M,My)

€CITU 3TOT TPEJIeIT CYIIECTBYET U KOHCUCH.
Ecii BeKTOp S 3a[aH KOOPAMHATAMH, T. €. S = (SX,Sy,SZ) 1 QyHKIHUS U= U

(M) muddepenmmpyema B TOuke My, TO TPOM3BOAHAS IO HAMPABICHUIO
BBIYUCTISICTCS IO PopMyIie:

au

P (Mg)=ux(Mg)cosa +uy (Mg)cosB +uz (Mg )cosy, (8.3)

ryIe COSaL, COSP, COSY — HANpaBIISIONIIE KOCHHYCH BeKTopa S . OHM paBHBI

S
JS2+52+52

S S
cosa. = X , COSP = Y , COSY =

JS2+52+52 JS2+52+52

(8.4)

ou
[IponssomHas a—(MO) XapaKTEPU3yeT CKOPOCTh HM3MEHEHMS (DyHKIMH
S

= ou
u (M) B Touke My B HampaBiieHMH JaHHOTO BekTopa S . Ecimn a—(Mo)>0, TO
S

ou
dyHKIES Bo3pacTaeT B HampaBleHHH S co ckopocteio — (Mg); mpw

u (Mp) < 0 dyHKIms yOBIBACT CO CKOPOCTHIO

ou
—(Mp)|.
P (Mo)

0S

3ananme 8. [lana GyHKIIMA CKAJISIPHOTO TOJISA U = y?z +32% — 4xyz . Haiiru:



a) TpagueHT GyHKIUU U Touke Mg (3, 1 1), MOJIyYJb TpaiueHTa U OOBSICHUTh

(U3UYECKUIA CMBICIT IIOTYYEHHOTO PE3YIbTaTa;
0) npou3BoaHyI0 GyHKIHU U B Touke M (3, 1, 1) B HaIpaBJICHUU BEKTOPA

S = (1, 2,— 2) U 00BACHUTH (PU3MUECKUIN CMBICIT TOTYYEHHOTO Pe3ybTara.

Pemenmne.

a) Halinem 4yacTHbIC TPOU3BOHBIE OT (PYHKIIUU u(x, Y, Z) 1 BBIYUCIUM HX
B Touke My:

ul, =(y22 +322 —4xyz) =4y, uy (Mo) :(—4yz)‘(3’1,1) =4,
uy :(yzz +32° —4xyz)'y =2yz—-4xz, uy(Mo)=(2yz —4xz)‘(3,1,1) =-10,
uj =(y22 +37° —4xyz)’Z =y?+6z—4xy, U, (Mo)z(y2 +62 —4xy)‘(311) — 5.

[Mpumenss popmysl (8.1), (8.2), monydaem:
grad u(Mg)=—47 —10j -5k,

lgrad u(Mo)| = J(~4)? + (~10)? + (-5)? =141

BoiBox. 3amannas Qyskums U(M) B Touke Mg BO3pacraer ¢

MaKCHMAaJIbHOM CKOPOCTEIO, PaBHOM /141, B HampaBienuu BexTopa grad u ( Mo)

—(-4,-10,-5).

6) OnpezemiM MOZIY/Ib M HAIPABJISIOLIME KOCHHYCHI Bektopa S = (1, 2, —2)mo
dopmynam (8.4):

S]=y2+2° +(-2)" =8 =3,

1 2 2
cosoczg, cosp=—, CoSy=——.

[Mpumensis popmyiy (8.3), umeem
ou 1 2 2 -4-20+10 14
—(Mg)=—4-=+(-10)-=+(-5) = |=———=—"—.
25 (Mo) 3()3()(3j 3 3



BbiBoa. ®Oynkuus B Touke My B HampaBlieHMH BEKTOpa S yOBIBae€T CO
14
CKOPOCTBIO 3 eIMHHI CKOPOCTH.

9. DkcrpemyMm GyHKIHM ABYX NepeMeHHbIX

IIycte pyHKIMSA Z=Z(X, y) ompeneliecHa B HekoTtopol obmactu D w
Mg (Xo Yo )— BHYTPEHHSIS TOUKa 00JIaCTH.

Touka Mo(xo,yo) HA3bIBACTCSI  MOUKOU  JIOKAIbHO20 — MAKCUMYMA
(Munumyma) byHKIUH Z:Z(X,y), €CJIM CYIIECTBYET OKPECTHOCTh TOYKH My
Takas, 4TO Il BCeX To4ek M (X,y) U3 OTOW OKPECTHOCTH BBITIONHSACTCS
HEPaBEHCTBO:

Z(%,¥0)2Z(%Y) (Z(x0.¥0)<Z(xY)).

Touku (JOKaIBLHOTO) MAaKCMMyMa W MHUHUMyMa (YHKIMH Ha3bIBAIOTCS
TOYKAMU IKCMPeMyMda.
Heob6xoaumoe ycioBue sKCTpeMyMa JaeT Cleayrolias Teopema.

Teopema. Ilycts (Xo, yo) — TOYKa JKcTpemyMa auddepeHiupyeMoit
bynkuun zZ =2 (X, y) . Torna yacTHbIE IPOU3BOIHBIE

Zx(%0,¥0) =0 1 Zj(%0,¥o) = 0. (11)
Jpyrumu cnosamu, grad Z (M) =0.

Touky My, B koTOpOi#1 BhITIOTHEHBI YcaoBus (11), Ha3bIBAIOT cmayuoHapHoll
TOYKOW (PYHKIUU.

OkcTpeMyM (YHKIIMM BO3MOXKEH HE TOJBKO B €€ CTAllMOHAPHBIX TOUKAX, HO
¥ B TaKUX TOYKax, B KOTOphIX grad Z He CYIIEeCTBYET, T. €. HE CYIIECTBYET XOTs
Obl OZHA W3 YaCTHBIX INPOU3BOAHBIX Zy wWiM Zy. Takue TOUKH BMECTE CO
CTAllMOHAPHBIMH HA3BIBAIOTCS KpumuyeckumMy ToOUKaMu QyHKIUH.

He nrobast xputuueckas Touka (YHKIMH SIBISETCS TOYKOM SKCTpEMyMa.

CJ'IGI[YIOHRUI TCOpEMa YCTAHABJIMBACT JOCTATOYHBIC YCJIOBUA OKCTPEMYyMa

GYHKIIUY B CTAIIMOHAPHOM TOYKE.



Teopema. Ilycthb Mo(xo, yo) — cTanuoHapHas Touka (QyHKIuu Z (X, y),
T.e. Zx(Mg)=0 u Z{(Mg)=0, 1 B HEKOTOPOIl OKPECTHOCTH JTOW TOYKH BCE

YaCcTHBIE MPOU3BOIHBIE BTOPOTO MopsAaka GyHKIuu Z (X, y) HEIIPEPBIBHBI.

O003HaYNM:

A=Z(Mo), B=Z4(Mg),C =2y, (M), A(Mg)=

A B
B C

‘: AC-B2 (12)
Torna:

1) ecnu A(Mo) >0, To B Touke My QyHKIIUS UMEET PKCTPEMYM: MUHUMYM, €CIIH

A>0, u makcumym, eciu A<O0;

2) ecnu A( M 0) <0, To B Touke M QyHKIIHS HE UMEET IKCTPEMYMA;
3) eciu A(I\/Io) =0, TO BOmpOC O HaIU4YMH DOKCTpeMyma Tpedyer

JIOTIOJTHUTEIBLHOT O HccieioBaHus (Ha3oBeM cirydail A = 0HeonpeaeneHHbIM).
AJITOpuTM HCCaeA0BaHUs GYHKIUH IBYX NEPEMEHHBIX HA IKCTPEMYM:

1) HaliTu oOnacTh onpeneneHus GQyHKINN;

2) onpenenuTh KpUTUYECKHE TOYKM (DYHKIHMH B €€ 00JacTH OINpEeAeNeHHs, T. €.

TOYKM, B KOTOPBIX YAaCTHBIC IPOM3BOAHBIE Zy W ZyPaBHBl HyTI0 HIM HE

CYILLECTBYIOT;

3) onpeneauTh YaCTHbIE IPOU3BOIHBIE BTOPOTO MOPSI/IKA;

4) npoBepuUTh BHINIOJIHEHUE JOCTATOYHBIX YCIOBUM 3KcTpemyMa (12) mist kaxaon
CTallMOHAPHOM TOYKH;

5) BBIYMCIIUTH 3HAYCHHS PYHKIIUN B TOUYKAX SKCTPEMyMa.
3aganue 9. MccenoBars Ha dKCTpeMyM GYHKIHMIO Z = 2Xy — X2y — Xy~
Pemenue. lccnenoBanune ¢ynkumu Z (X, y) Ha JKCTPEMYM MPOBOAUM
COTJIACHO BBIIICYKa3aHHOMY aJITOPUTMY.

1. O6nacTs onpeeneHnst GyHKIHE Z = 2Xy — X2y — Xy°— Best miockocts OXY.



2. 2y

(2xy— X2y — xyz)lx =2y —2xy - y*;

Z, =(2xy— xzy—xyz), = 2X— X? = 2xy.
y

OGe dyacTHBIC TMPOUBBOAHBIC  OMPEACICHBI A  JIFOOBIX (X,y).

CrnenoBaTenbHO, TOUKAMHU, TOAO3PUTENBHBIMU HA SKCTPEMYM, MOTYT OBITh TOJBKO

2y =0,
CTAIMOHAPHBIC TOYKH. OHpCI[GJ'II/IM nXx "3 YCJIOBHﬁ {Zi( 0
y =%
=2y -2x~y" =0 {y(2—2x—y)=o,
Z;:ZX—XZ_ny:O_ X(2—X—2y)=0_

PemnB cucremy ypaBHEHHM, IOJyYUM KOOPAMHATHI CTAIMOHAPHBIX TOYEK:

Mo (0, 0); M; (0, 2); M, (2, 0); Ms(g, %).

3.2 =2y —2xy — yA)y =2y,  Zjy =(2y —2xy — y?)y =2-2x -2y,
Z = (2X— X2 = 2xy)y =2 -2X =2y, 1z}, = (2X—X* — 2xy), = —2X.
4. Touka My (0, 0):
A=z} =(-2Y)m, =0, B=2% =(2—2Xx—2y)m, =2, C=12}y =(-2X)m, =0,
A(Mg)=AC-B?=0-2%=-4<0.
CrnenoBarenbHo, B Touke Mo(0, 0) nanHas pyHKIMS S5KCTpeMyMa HE UMEET.
Touka My (0, 2):
A=7%=(=2Y)m, =4, B=17y =(2-2Xx-2y)m, =2, C =12y, =(-2X)m, =0,
A(M;) = AC —B? =—4-0—(-2)?> =—4 < 0= B touke M (0, 2) 5KCTpeMyMa HET.
Touka M; (2, 0):
A=z =(-2y)m, =0, B=2%, =(2—2x-2y)m, =-2, C=2z{y =(-2X)m, =4,

A(M;) = AC —B? =0-(-4) — (-2)*> =—4 < 0= B Touke M, (2, 0) sKCTpeMyMa HET.

Touka M3 (E, Ej
3 3



" 4 144 2 " 4
A= Zxx :(_zy)Ms :_5’ B= Zxy =(2—2X—2y)|\/|3 :_g’ C= Zyy :(_ZX)M3 :_E,

2
A(M3)=AC - B? = (—gj(—gj - (—gj = % >0=B touke M; dyHkIUI HMeeT

4 2 2
DKCTPEMYM, TaK Kak A= ~3 <0, 10 M3 33) TOYKAa MaKCUMyMa (pyHKITHH.

2 2 22 (2% 2 2 (2} 8
5, Zmax:Z —, — :2 _____ N - =
3' 3 33 \3) 3 3\3) 27

10.Heonpeaesennblii uHTerpasa. HemocpeacrBeHHoe MHTErPUPOBaHHE

Oyukuuss  F(X), ompenenennas Ha wunrepsane (a,b), HasbiBaercs
nepeoobpasnou ans ynxuun f (X), onpeneneHHol Ha ToM ke uHTepBaie (a,b),
ecn F'(x) = f(x).

Eciu F (X) — mepBooOpazHas it pynkoun f (X), TO Jro0asi Apyras
nepsoo6pastast @ (x) st Gynkuun f(X) ormmuaercs or F(X) Ha HekoTopoe
OCTOSIHHOE caraeMoe, T. e. @(x)=F(x)+C, rage C—const .

Heonpeodenennvin unmezpanom ot Gynkumn f (X) HasbiBaercs
COBOKYITHOCTH BCEX MEPBOOOPA3HBIX IS 3TOM PyHKIHMH. OO03HAYaeTCS
HEOIpe/IeJIEHHBII HHTErpall: .f f(x)dx=F(x)+C, rae F'(X) = f (X), C — const.

Ornepanusi HaXOXKJICHUM MepBOOOPA3HON NJisi TaHHOW (PYHKIIMM HA3bIBACTCS
unmezpuposanuem. VIHTerpupoBaHue ABISETCS O0OpaTHOM  omeparued K

i pepeHInpOBaHUIO:

([ £ (x)dx) = £ (x).

JUiss  mpoBEepKM  MPABWIBHOCTU  BBIIOJHEHHOIO  HMHTETPUPOBAHMUS
HeoOxoauMo mnpoauddepeHIupoBaTh Pe3yJbTaT MHTEIPUPOBAHUS U CPABHUTH
MOJyYEHHYIO (DYHKIIMIO C MOABIHTErPATbHOM.

CBoiicTBa HeonpeaeJIeHHOT0 HHTerpaJja:



1. (I f (x)dx)l = f (x); dJ.f(x)dx: f (x)dx;
2. de(x):F(x)+c; 3. [Kf (x)dx= kj x)dx, k — const;

4, _[ )+ g( dx j dx+jg

Tabinnua OCHOBHBIX MHTErpajoB npuseaeHa B [Ipunoxenun 2. Kaxnas w3
IPUBEICHHBIX B Ta0uuie GopMyJl CIpaBEUIMBA Ha IPOMEKYTKE, HE COAEpKAILEM
TOYEK pa3pblBa MOABIHTETpabHON (yHKIMU. Bbruncnenne uHTErpajioB ¢
UCIIOJIb30BaHUEM TaOJIMIBI U OCHOBHBIX CBOWMCTB HAa3bIBAlOT HENOCPEACTBEHHBIM
VUHTEIPUPOBAHUEM.

3aganue 10. Ilonp3ysich TabmuIeil OCHOBHBIX WHTETPAIOB U CBOWCTBAMU

HCOIIPCACICHHOIO HHTCI'paJia, HAWUTHU HHTCI'paJibl

3¢+l 5 16 — X2
a +28x5 |dx; 6 +3.5%+ dx.
) ( x* J ) [11x2 +2 }

4+X

Pemenue.

5 3X +l 3 1
a +28/x° |dx = ————+2x5/6jdx_
)JL x2+ j I(Vx +7 x X

UCTOJIb3yeM CBOMCTBA 314 1 pa300beM UHTETPajl OT CYMMBI} I

dx
=4 QYHKIIMY Ha CyMMY UHTEIrPajioB, IIPH TOM ITOCTOSTHHBIE =5 - =—
MHOKHMTEIU BBIHECEM 32 3HAK MHTETPATIOB X +7
-4 5/6 4y _ JUCTIOJIB3yEeM TaOJIUYHBIC| _ 2
=3|——|x x+2jx X = =5In|x+ x> +7|—
BI d d {I/IHTel'paIIBI 12,4,3 S

—4+1 5/ 6+1
+2-
4+1 5/6+1

_ 2 _ 4 Le e
5In‘x+\/x +7‘ 3In\x\+3x3+1lx +C.

3In|x|- +C= 5In‘x+x/x + ‘ 3In\x\ +—x °+C.

2
6)f| ——+3.5 + 22X dx:5IL+SI5dx+I AL
11x% +2 4+ X ul x4 j 4+ X

11

5 dx UCTIONIb3YyeM (POPMYJIbI
Xdx =

1 (o)

5 +3I5de+4jdx— 13, 5, 2, 3 Tabmumel

WHTErPaAJIOB
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11.MeToa 3aMeHBbI IepeMeHHOM

Teopema. Ilycts X =(t) MoHOTOHHAs, HempepsiBHO auddepeHnmpyemast
byHKIMS, TOTAA

j f (x)dx = j f (o(t))@'(t)dlt. (11.1)

IIpu 3TOM, eciu j f (p(t)e'(t))dt = F(t) +C, To j f (x)dx = F(y(x)) +C, rae

y (X) — dynknus, oopataas ¢(t).

®opmyna (11.1) wHaszwsiBaeTca @opmynou  3ameHvl  nepeMeHHoUu B
HEOIIPEICIIECHHOM UHTErpase.

AJITOPUTM 3aMeHbI IIePEeMEHHOI:

1) Ces3aTh cTapyr MEepeMEHHYI0 MHTETPUPOBAHUS X C HOBOW IMEPEMEHHOU

t ¢ momorsio 3ameHbl X = @(t).
2) Haiitu cBsi3p Mesxxay auddepennnanamu dx = ¢'(t)dt.

3) IepeiiTu o1 3HAKOM WHTETpajia K HOBOW NIEPEMEHHOM .
4) [TpouHTErpUPOBATh U B TIOJYYCHHOM MEPBOOOPA3HON BEPHYTHCS K CTAPO

nepeMeHHOM, mojacTaBuB t = y(X).

Cpem/I HHTCIPAJIOB, BBIYHUCIIACMBIX C IIOMOIOBIO 3aMCHBI nepeMeHHoﬁ,

Mx + N Mx + N
BBIIEJIUM MHTETPAJIbl BU/A! j Z—dX u I dx.
ax” +bx+c vax? +bx+c

HpI/I HX BbIYHCIICHHUHU H€O6XOILI/IMO BbIACIIUTL B 3HAMCHATCIIC MOJIHBIN

KBajapar, JJIA 4€Tro UCIIOJBb3YCTCA CTaHAAPTHAA 3aMCHaA:

x:t—ﬁ,dx:dt,t:x+£. (11.22)
2a 2a

3apanue 11. IlpouHTterpupoBaTh MOAXOJAIICH 3aMEHON TMEpPEeMEHHON
(monBeaeHue no 3Hak Auddepeniumana).
X—2
a) |cosdxdx, 6 egx+1dx; 8)| x(2 - x? 5dx; 2) | —dx.
)] )] )@=+ )Ix2+6x+10



Pemenmne:

t =4x, dt = 4dx, dt (popmyna’
a) J coS4xdx = dx = dt /4 jcostZ = —jcostdt = {T&@II/IHH =
MHTETpajioB

=£sint +C :Esin4x+C.
4 4

—9x+1,dt=9dx,| [ cdt 1 $opuysa 6
6) > dx = t= | e — e'dt ={ Tabmunpl =
,[ dx=dt/9 I 9 9 I HHTErpaion

Leiclema,c
9 9

2v5 |t =—x2, dt =—2xdx,| _ 5[ _dt 5, |bopuyna3

e)jx(Z—x Y dx =t =X, Ol =—2XUX, :jt —— :——jt dt =< TabIUIIBI =
xdx =—dt/2 2 HHTErpasioB
6
:—lt—+cz—i(2—x2)6+c.
26 12

> J‘ X-2 Jx — |Acnone3yem  sameny  (2),| _|x=1-3, dx=dt, _
x2 1 6x+10  |lyarem, uro a=1, b=6] [t=x+3

_J- t—-3-2 _J‘ J‘ _J‘ tdt B
(t—3)% +6(t—3)+10 t? —6t+9+6t— 18+10 t2+1 t2+1
IIJIH 1-r0 HHTETpajia dopmymsi 4,13) ¢
—5.[ 5 t +1 j 5_[ 5—— =4 TaOJIHIIBI :—ln‘z‘—
41 = 2tdt; tdt =dz/2 2 241 MHTETPaJIOB

—barctgt +C :%In‘t2 +]4—5arctgt +C :%In‘x2 +6x+10‘—5arctg(x+3) +C.

12. UuterpupoBanue no yactsiM. Hekoropblie BHbI HHTEIPaJioB,
BbIYMCJIAEMBIX 110 YACTAM

Ecnu npousBoanbie ynkimit U =U(X) u V =V (X) HenpepbIBHBI, TO
cnpaBeiiBa Gpopmya:
Judv =uv - fvdu, (11.3)
Ha3bIBACMast (YOPMYJIOU UHMESPUPOBAHUSL NO YACTISIM.
B kauectBe U(X) 00bIYHO BBIOMPAIOT (DYHKIIMIO, KOTOpAs YIPOIIACTCS MPH

nudepeHInpoBaHUN.



Hekotopeie ctanmaptHble ciay4yau (DyHKUUNA, HHTETPUPYEMBIX IO YaCTAM,

yKa3aHbl B Ta0nuie. Tam ke gaercs crocod Beioopa mHOxuTenen U u dV .

Ta0muna
Bug unrerpana U—>duU dv -V
_'Pn(x)sinkxdx dV =sinkxdx -»V :—%coskx
[ P, (x)coskxdx U=R(x)— 1.
’ , dV =coskxdx —V ==sinkx
;1:1,2,___ dV =edx >V :%e"x

[intoxPa (e |~ i du = &
X

[arcsinkxPy()dX |\ _ arcsinkx s dU — K9
V1-k?x?

[arccoskx P, (x)dx| | _ _ kdx
J n U =arccoskx — dU = —m dV = P, (x)dx —

-V :IPn(x)dx

I arctghx By (xjdx |y — arctgkx —» dU = _kax
1+k?x?

I arcetgkx F(X)ax| | — arcctgkx — dU o kdx
1+k*x?

P.(X)— MHOrowneH or X cremenu N, T. e. Py(X)=apX" +aXx" +...+a,, TIe

n=0,12,.., ag#0.
3aganme 12. [IpouHTerpupoBaTh MO YACTSIM.

a) j (3x —1)sin 2xdyx; 6) | (1+2x)In xdx.
Pemienne.
U =3x-1—dU =3dx
i COS2X [COS2X
a) j(3x—1)3|n2xdx: dV = sin 2xdx — :_c032x =—(3x-1) 5 +I 5

dx =



:—1(3x—1)c032x+§.[0032xdx :—E(SX—1)0052x+§sin 2x+C.
2 2 2 4

U=Ihx—dU :%
X 2 2, OX
5)](1+2x)|nxdx= dV =L+ 2x)dx —> =Inx(x+x )—j(x+x )— =
V:J‘(1+2x)dx:x+x2 X

2
=Inx(x+x2)—_[(1+x)dx:lnx(x+x2)—x—x?+c.

Teopernvyeckue BONPOCHI

Pazoen 1. /luneiinan anzeopa. Bekmopnasa anzeopa.
[TonsiTHE MATPHIIBI, TUITBI MATPHIT
2. Omnepauuu ¢ MaTpuliaMu (CI0KEHUE, YMHOKEHUE Ha YUCIIO0, YMHOKEHHUE
MaTpHIbl Ha MaTpPUILy, TpaHCHOPTUpOBaHUE MaTpuil). CBoWCTBa onepanui.
OnpenenuTeny MaTpull, UX CBOWCTBA.
Paznoxxenue onpenenuTens no aIeMeHTaM Jt000i CTPOKH, CTOJIOIIA.
Oo6partHas matpunia. Kputepuii ee cymectBoBanus u hopmya s
BBIYHCIICHUS.
6. Cuctembl nuHeNHbIX anreOpandeckux ypaBuenuii (CJIAY).
7. CoBMecTHBIE, HECOBMECTHBIE, ONpeiesieHHbIe, HeomnpeaeneHHbie CJIAY.
8
Q.

=

B W

o1

. ®opmyinsl Kpamepa nins pemenus CIIAY.

Martpuunsiii merop pemenust CJIAY.

10.MuHOp MaTpHIlI, paHT MATPHIIHI.

11.9nemenTapHbie mpeoOpa3oBaHUs MaTPHUI], SKBUBAJICHTHBIE MAaTPHUIIBI U UX
paHru.

12.JInHEHO 3aBUCHUMBIE, THHEWHO HE3aBUCHMbBIC CTPOKH MaTpuIlbl. Kpurtepwmii
JIMHENHOW 3aBUCUMOCTH.

13.Kputepuii coBmectHoctu CJIAY Kponekepa-Kanemnnu.

14 Meton INaycca pemennst CJIAY. bazucHblit MUHOD, Oa3UCHBIE U CBOOOIHBIE
nepeMmennbie CIIAY.

15.TToHsiTHE N-MEPHOTO BEKTOPA, ONEPAIHN C BEKTOPAMH.

16.JIuneiiHOe apuMeTHIECKOE BEKTOPHOE IIPOCTPAHCTRO.

17.JIuneiiHO 3aBUCHMAs U He3aBUCHMas cUcTeMa BeKTopoB. Kpurepuit
JIMHEWHOMN 3aBUCHUMOCTH CUCTEMBI BEKTOPOB.

18.n-mepHOE eBKINI0BO MpocTpancTBO £N. CkansipHOE npou3BeneHue B E3, ero
CBOMCTBA. MeXaHMYECKHI CMBICH CKAJIIPHOTO MPOU3BEINEHUSA, MOYJIb
BEKTOpA, HAIPABJIIEHHE KOCUHYCHI BEKTOPA.

19.1Ipoekiust BEKTOpa Ha BEKTOP, OPTOTOHAIbHBIC, KOJJTMHEAPHBIE,
KOMILUTAaHAPHBIC BEKTOPBI.

24. BekTop Kak HampaBJICHHBIA OTpe30K. J[eKapTOB MPsSMOYTONbHBIN Oa3uc u

JI€KapTOBa MPSIMOYTOJIbHAsL CUCTEMA KOOPJMHAT (JI.11.C.K.).
25. Papnyc-BeKTOp TOUKHU, KOOPAUHATHI TOYKHU B JI.II.C.K.



26. BexkTopHOE TPOU3BEICHUE BEKTOPOB B E3, €r0 CBOMCTBA, MEXAaHWYECKUM

CMBICIL.

27. CMemaHHOe MPOU3BEAEHUE BEKTOPOB B E3, €r0 CBOKCTBA.

28. Yca0oBHUS OPTOrOHAJIBHOCTH, KOJUIMHEAPHOCTH, KOMILJIAHAPHOCTH BEKTOPOB

B E3.

Pazoen 2. Ananumuueckan zeomempus
1. [TonsiTve ypaBHEHUSI TEOMETPUUECKOTO 00pasa.
2. IlnockocTh, HOPMAJIbHBIN BEKTOp MIIOCKOCTH. OOIiee ypaBHEHUE MIIOCKOCTH U
€r0 YaCTHBIE CIIy4YaH.
3. Yron Mexay IJIIOCKOCTSIMH, YCIOBHE NEPIEHIUKYISIPHOCTH U MAPaIETbHOCTH
IJIOCKOCTEM, PacCCTOSIHUE OT TOYKH JI0 miockocTu. [lnockocts B £n, N>3.
4. Tlpsmas B FE3, ee Hampapisgiomuid BekTtop. OOmme, KaHOHUYECKHE,
napaMeTpUYeCKue ypaBHEHUs NpsiMoit. JIyd u oTpe3oxk.
5. Yron wmexny unpsameiMa B FEz.  llepnengukynspHele, nDapaielbHbIE,
IIEPECEKAIOIINECS U CKPEIINBAIOIINECS NPsAMBIE. PacCTOAHME OT TOYKH JO NPAMOU
B Ej3. [Ipsimast, myd u otpe3ok B £n, N>3.
6. VYrom wMexay mNpsAMOW UM IUIOCKOCTBIO, YCIOBHUS NapaJUICIbHOCTH U
NEPHEHANKYJIIPHOCTH MPSMOM M IUIOCKOCTH. Touka nepecedyeHus] NpsMON H
IUIOCKOCTH, TPUHAIEKHOCTh NPSAMOM IIJIOCKOCTH.
7. IlpssmMas HA IJIOCKOCTH, KAK YACTHBIM CIydall NpsAMOW B FE3 M Kak JMHUSA
NIEPECEUEHHUSI IUNIOCKOCTH C IIOCKOCThI0 OXV.
8. YpaBHeHUE NPSIMON Ha MJIOCKOCTH € YTIIOBBIM KO3(P(ULUEHTOM.
Pa3zoen 3. Beedenue ¢ ananus
1. ®yHKUMS OAHON IEpEMEHHOM, criocoObl 3a1aHusl. OCHOBHBIE AJIEMEHTAPHbIE
¢bynkuuu, ux rpapuku. CnoxHas QyHKIHS.
2. llpenen pyukIiuy.
3. beckoHeuHo Masiast PyHKIIMS U €€ CBOMCTBA.
4. beckoHeyHO OoJbinast QyHKIUS, CBS3b C OECKOHEUHO MaJIoM.
5. OcHOBHBIE TEOpEMBI O Ipenenax GyHKIUU (KpUTEpPHU CyllleCTBOBAHUS Mpeena,
€AMHCTBEHHOCTb, MPEEN CYMMBI, IPOU3BEICHHUS], YACTHOTO).
6. IlepBrIil 1 BTOPOW CliELIMATbHBIE MPEIEIIbI.
7. CpaBHeHHE OECKOHEYHO MalbIX (PYHKIUH.
8. HenpepbIBHOCTH PYHKIIUM B TOUKE, HA UHTEpBaJe, 0Tpe3ke. OCHOBHBIE
TEOPEMBI O HETIPEPHIBHBIX (PYHKIUAX (HENPEPHIBHOCTH OCHOBHBIX 3JIEMEHTAPHBIX
GbyHKIUH, CIOKHON (DYHKITUN).
9. CroiicTBa GyHKIIUN HEMTPEPHIBHBIX HA 3aMKHYTOM OTPE3Ke, a0COTFOTHBIM
KCTpEMYM (GYHKIUH.
Pazoen 4. IIpouzeoonasn ¢pynkuyuu 00noii nepemennoi

1. Ilpupamienre aprymeHTa W npupaimieHue QyHKIMH. 3ajada O KacaTelbHOW K
TUIOCKOW KPUBOM.
2. IlpousBoHas pyHKIUHU, €€ TEOMETPUICCKUN U PU3NUECKUM CMBICT. Y paBHEHUE
KacaTeJIbHOM M HOPMaJId K KPUBOM.



3. HeoOxoaumoe ycnoBue nuddepeHunpyeMocTu PyHKIIUN.
4. OcHoBHBIE TIpaBuUIIa U popMyiibl TuddHepeHIMPOBAHUS.
5. Judbdepennnan GyHKmm, €ro reOMeTpUIECKU CMBICH, CBOMCTBA, MPUMEHEHHE
K MPUOJIM>KCHHBIM BBIYHCIICHUSIM.
6. [IpousBoansie U qudepeHnranbl BHICHIUX MOPSIKOB.
Pazoen 5. Ilpunoscenus npou3eoonoil
1. Teopemsr Poms, Jlarpanxa.
2. MOHOTOHHOCTh (DYHKIIMH, JOCTATOYHOE YCIOBHE MOHOTOHHOCTH.
3. Onpenenenue J0KaTbHOTO MaKCUMyMa (MUHIUMYMa) (PYHKITHH, SKCTpeMyMa
byHKIUH.
4. HeobxoauMoe yciioBue 3kcTpeMyMa nuddepeHnupyeMoit GyHKITUH,
HENPEPBHIBHON (QYHKIUH.
5. IlepBbIl ¥ BTOPOU TOCTATOYHBIN ITPU3HAK SKCTPEMYMA.
6. AOCOMIOTHBIN SKCTpEeMyM (DYHKIIUU HA OTPE3KE.
7. BoIyKI0CTh PYHKIIMHU, TOUKH Ieperuda. JloctatTouyHoe yCclioBHE BBITYKIOCTH
byHKIHU.
8. JloctaTouHO€ yCIOBUE TOUKH Tepernda. Heobxoaumoe ycioBue.
9. AcuMnToThl rpaduka PyHKIIMN BEPTUKAIbHBIC, HAKIIOHHBIE.
10. ITpaBuio Jlonurans.
Pazoen 6. Dynkuyuu neckonvkux nepemennvix (OHII)
1. Onpenenenus GyHKIUH 2-X, 3-X U N IEPEMEHHBIX, 00JaCTh ONPEACICHUS 1
CIOCOOBI 3a1aHUS.
2. I'paduk pynkumu 2-x nepeMeHHbIX. JIMHUU 1 TOBEPXHOCTH YPOBHSI.
3. IIpenen u venpepsiBHOCTH OHII.
4. YacTHble 1 MOJIHBIE TPUpAILEHUsT PYHKINH 2-X MepEeMEHHbIX. YacTHbIE
MIPOU3BOJIHBIE, UX T€OMETPUUECKUIN CMBICI.
5. CkansipHOE€ 1oJie, ero SJKBUIOTEHIMAIbHBIE TOBEpXHOCTH. [Ipon3BoaHas mo
HaIpaBJICHUIO.
6. I'paguenT GhyHKIMM CKAISIPHOTO T0JIsL. Teopema 0 MPOeKIIMN BEKTOpa
rpaJeHTa Ha HAallpaBJICHHE.
7. YacTHble TPOM3BOIHBIE BHICIIMX MOPSJIKOB. TeopemMa 0 paBEeHCTBE CMEIIaHHBIX
YACTHBIX TIPOU3BOIHBIX.
8. DxcTpemMyM (PYHKITMHU ABYX NIEPEMEHHBIX, €0 HEOOXOAMMOE yCIIOBUE (TeopeMa).
9. loctatouHbie yCIOBUS dKCTpeMyMa (DYHKIIMH JIBYX TIEPEMEHHBIX (Teopema).
Pazoen 7. Heonpeoenennwiit unmezpan (HH)
1.IlepBooOpasnas. Teopema o mepBooOpasnoi. HM, ero reomeTpudecKkuii CMBICIL.
2. CpoiictBa HH.
3. Tabauiia OCHOBHBIX MHTETPAJIOB.
4. Teopema o 3ameHne nepeMenHoi B HU.
5. UurerpupoBanue no yactsim B HU.



Y4eOHo-MeTOAUYECKHE MATEPHAJIbI U IPOrPaMMHO-UHGPOPMALIHOHHOE

obecreueHme
Ne ABTOD Hazsanue M3patens- | T'on | Bun | Anpec Bun
CTBO u3na JNEKTPOH| JIOCTyma
/a n3na
HUS HOTO
Hu pecypca
1 2 3 4 5 6 8 9
1.1 | bepmanr Kparkwuii kypc CII6: 2008 | Yue
A.D., MaTemarudyeckoro | Jlanp OHOe
ApamaHOBH | aHanIU3a I10CO
g U.T. oune
1.2 | Bmagumupc | MaremaTuka CII6: 2008 | yueb
kuii b.M., o0muii Kypc Jlanb HUK
I'opcTko
1.3 | Jdanko ILE. | Beicmias M.: 2015 | Yue
[TomoB A.I'. | MmaTeMaTuka B Mup u 2009 | 6Hoe
YIPaXHEHUSIX U 06- 2008 | moco
3amagax. 4.1 pa3oBanue | 2007 | 6ue
1.4 | Jdasko ILE. | Beicmias M.: 2015 | Yue
ITonoB A.I'. | maTemaTHKa B OHHMKC: | 2009 | 6HOC
yIpaXHEHUIX U Mup u 2008 | moco
3amagax. Y.2 06- 2007 | oue
pa3oBaHHE
2.1 [Munayés | Beicias M: FOpaiit | 2011 | Yue
B.C. MaTeMaTuKa 2012 | 6HOC
oco
oue
2.2 Bunenkun | Beicmas PoctoB 2011
n.B. MaTeMaTuKa: H//1: Yue
Jluneitnas anre6pa. | denukc OHM
Ananutuyeckas K
TEOMETPHSIL.
Juddepenumansao
€ ¥l HHTeTpaJbHOe
HCYHCIICHHE
2.3 Bunenkun | Beicmas PocroB 2011 | Yue
n.B. MaTreMmaTuKa: H//1: OHU
UHTETPAbI 110 deHuke K
Mepe,
G depeHIMaTbHBI
€ YpaBHEHHUS, PSIbI
2.4 Ky3nernoB | Maremaruka M.: 2012 | yueo6 | http://ip | C  mro6oit
B.T IOHUTU- Huk | rbooksh | Touku
JAHA op.ru JOCTyTa
TUTS
aBTOPH30Ba
HHOTO
TOJTb-
30BaTels
2.5 [Tontunau | Beicmas PoctoB 2012 | Yue
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kxoB B.I. MaTreMaTHhKa: u/J1: U1 OHOe
yuebHoe mocodbue | JAI'TY oco
JU1s1 6aKagaBpoB. Oue
.1
2.6 [TontuHHM | BeIicmas Pocros 2013 | Yue
koB B.1. MaTeMaTHKa: u//1: 11 OHOE
yaeOHoe mocodue | AI'TY 0CO
Ui OaKaiaBpoB. Oue
4.2
2.7 [Tontunam | Beicmas PocroB 2014 | Yue
kxoB B.H. MaTreMaTHhKa: u/J1: U1 OHOe
yuebHoe mocodbue | AI'TY oco
JU1s1 OaKagaBpoB. Oue
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6.2.10 | [lonTunauu | Beicuras Pocros 2015 | Yue
koB B.1. MaTeMaTHKa: u//1: 11 OHOE
yuebHoe mocodue | JAI'TY 110CO
Juist 0aKajIaBpoOB. oue
4.4
2.8 [Toxxapcku | V30paHHbIE T1aBBI PocroB | 2014 | Yue
uJl.A., MaTeMaTUKU: u/]1: L] OHOC
Hypyrnun | uaTerpansHoe AI'TY 110CO
oBa 1.H. HWCYHCIICHUE, Oue
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€ YpaBHEHUs
2.9 Hypyrnun | Coopuuk obpasioB | PoctoB | 2013 | Yue |ntb.don | C  mroboi
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Co6oneB | 6a30BOro  ypoBHs ATy 0CO J0CTYyTIa
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«Maremaruka» aBTOPHU30Ba
HHOTO
OJTb-
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Ipuiaoxkenue 1

IlpaBuaa nuddepeHnnpoBaHua

Ne U=u(x), V=V(X)— Ne U=u(x), V=V(X)—
11 muddepermupyempie GyHKITUN T nuddeperupyembie GyHKITUN
y [IpousBoiHas CIOKHOM QYHKIIUH
| u i V) =U i \Y Vl ' r !
(u£Y) y= el ¥ = fyu;
I (uv) =uv+uv DyHKIMA 3a/1aHa TTApaAMETPHIEC-
KUMH YPaBHCHHUSIMHU
Vil — '
Il (cu) =cu’, c¢=const {X—X(t) WY
y=y(t) dx X
LUV —uv -1
v (Ej _UNVSUY 002 0) Eenn y = f(x) u x=f(y) —
v v VI B3aUMHO OOpaTHBIC (YHKIIHH,
1
A — n r_ _— i
V — C V C CO St TO Xy y( , (yx + O)

(9)’ oV
v v (v(x) #0)

X

dDopmyJbl nuhdepeHIIUPOBAHUA OCHOBHLIX DJIEMEHTAPHLIX (DYHKIIUN

Ne C:C0nSt, X — HE3aBUCHMas IICPCMCHHAAA,
T U = Uu(x) — muddepenHimpyemas GyHKIUA
1 |c=0 9 | (cosu) =-sinu-u’
U
2 |x=1 10 | (tgu)' =—;
cos“u
3 (ua)/:a_ua—l_ur 11 (Ctgu)/:_ —
sin“u
.y u’
4 | (@) =a"Inau 12 | (arcsinu)’' = ; |u[<1
V1-u®
: u’
5 | (e") =e"U 13 | (arccosu)’' =— ; |uj<1
V1-u?
: ' ,u
6 | (log,u)' = (u>0) 14 | (arctgu)’ = ——
ulna 1+u
u’ '
7 | (Inu)==— (u>0) 15 | (arcctgu) = ———
u 1+u
8 | (sinu) =cosu-u’

3ameuanue. @opMynbl 3amucaHbl ¢ y4ETOM mpaBmia AU depeHIHpPOBaHUS CI0XKHON

(GyHKIHIH.



IIpunoxenue 2
Tabauua 0CHOBHBIX HHTEIPAJIOB

c = const, X — He3aBUCcUMas No ¢ = const, X — He3aBHUCHUMas
IICPpEMEHHAas, u=u(x) n/n IICPEMEHHAs, u=u(x)
—_C: _ - 10.
deu_C, C = const; J’ _dlZJ _ _ctgu+C:
sin“u
_[du:u+C; 11 'd—u:arcsinEJrC;
a’—u? a
. a+l 12 .
u"‘du:u +C, a=z-1L d—u=|n‘U+VU2iaz+C;
. a+1 " Jut+a’
- 13. -
d—u:In|u|+C; Zdu . :iarcth+C;
T u ‘u+a° a a
- ! 14. « du 1, |lu-a
a'du = ——+C; —— =—In|—|+C;
. Ina ‘u°-a° 2a |u+a
" _u AU . 15. .
Jerdu=e+C; —fju :Inth +C;
sinu 2
[ cosudu =sinu+C; 16. - du u = _
J ——=Initg | =+— |+C;
cosu 2 4
[sinudu =—cosu +C; 17. | [tgudu =—In|cosu|+C;
18. [ —Inlsi
dl: —tgu+C: | ctgudu = Insinu|+C.
7 cos“u




